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Palaeontology. — “On fossil Trichechids from Zealand and 
Belgium.” By Mr. L. Rurten. Communicated by Prof. C. E. 


A. WiıcHMAnNN. 


(Communicated in the meeting of March 30, 1907). 


Last summer a fisherman found opposite "the village of Breskens 
in the West Scheldt a large skull, which Dr. S. ScHouTENn secured 
for the Geological Institute of Utrecht University. 

The fragment belongs to an old Trichechus, but differs in some 
respects from the now Jiving Walrus. On closer examination it 
appeared that the skull must be of the tertiary Trichechus Huxleyi, 
of which until now only tusks were known, found in the “Red 
Crag” of Suffolk. These were described by Ray Lank&Ester. Of the 
skull the description will be given here. 

The plan suggests itself to compare the fragment first with the 
walrus of recent times and then with the already known fossil 
Trichechids. 


1. Description of the skull and comparison with the walrus. 


The most conspieuous point about the skull is its remarkably good 
state of preservation. It has this in common with some remains of 
diluvial mammals, also found in the river Scheldt. The skull, to be 
sure, arrived here in several pieces, but the broken edges were absolutely 
fresh and all parts fit perfectly together. Probably the fossil only broke 
when it was being dredged. As to completeness the skull leaves nothing 
to be desired, since only parts of the nasal, maxillary and frontal 
bones, part of the vomer, the conchae and a few teeth are wanting. 
The skull was filled with a fine-grained grey clay ; the outer wall 
of the cranium was overgrow with Balanids and Bryozoa. Although 
the fossil is very heavy, a chemical analysis of a little piece of bone 
revealed nothing partieular. It still contains pretty much organic 
matter and consists for the rest especially of CaO and P,O,, while 
a small quantity of ferrie hydroxide colours the bone dark brown. 

That our Trichechus is full-grown, is proved by the fact that all 
sutures are absent and by the strong development of all ridges. 

As material for comparison we had at our disposal 24 recent skulls, 
and 26 pairs of tusks. Very unpleasaut was the great variability of 
the recent walruses. Certain characteristies vary so strongly in 
different individuals that with the limited material one always remains 
uncerlain whether the analogous characteristic in the fossil lies within 
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the limit of variation of the recent animals. It will appear that in 
most respects the fragment approaches the old walruses, but that 
the tusks deviate considerably from those of the living animals. 

Looking at the hind side of the fossil skull, one is at once struck 
by its relatively great height. This is caused by the strong develop- 
ment of the mastoid process and by a high ridge on the lambda 
suture (erista lambdoidea). 

Dividing the height of the skull and that ofthe mastoid process by 
the breadth of the skull, we obtain two quotients, which for the fossil 
are greater than for the walrus. In determining these quotients the 
height of the mastoid process was measured by the vertical distance 
between the lower edge of the foramen magnum and the base of the 
mastoid process. The differences found are small, however; for this 
characteristic the fossil stands consequently at the end of the variation 
series of the walrus. The strong relief on the mastoid process and 
the extraordinary size of the crista oceipitalis externa as well as of 
the crista lambdoidea are characteristics which the fossil skull has 
in common with some old walruses. 

Small deviations are also found in the vieinity of the foramen 
magnum. The canalis hypoglossi always opens with the walrus into 
the inside of the condyli of the cranium with two openings at each 
side, whereas the ‚fossil only shows a single small opening. But this 
characteristie has not much value, since the aperture of the canalis 
hypoglossi always varies strongly. The foramen magnum is much 
more flattened dorsoventrally with the fossil than with the walrus, 
but this too is a very variable characteristice. Comparable numbers 
are here obtained again when the breadth of the foramen magnum 
is divided by its height. The condyli oceipitales are in the fossil less 
strong than normally and present a shuttle-like appearance, while 
in the walrus they project more and more when. we proceed 
upwards; also they here project above the upper edge of the foramen 
magnum, while there they remain below its upper edge. 

Of all these small differences the shape of the condyli and of the 
foramen magnum have the greatest importance, while the height- 
ratios and the aperture of the canalis hypoglossi are of less value. 

The base of the skull shows no more differences with the walrus 
than the back part. The length of the two skulls compared with 
their breadth, agrees entirely. The first difference concerns the position 
of the foramen lacerum and of the canalis alisphenoideus. These 
namely lie close behind each other with the walrus, while with 
the fossil they are separated by a rather massive bony lamella, 


extending from the os petrosum towards the pterygoid process. Also 
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the cup for the joint of the lower jaw is very broad and the result 
of this is again that the pterygoid processes have approached each 
other closely. Further changes appear at the frontal side of the skull- 
base by the size of the alveoles of the tusks. 

The alveolar outer wall shows a lateral projection as with the 
walrus, only slightliy more massive; the distance between the two 
projections is consequently also somewhat greater than with the 
walrus. We divide this distance again by the breadth of the skull: 
the fossil lies at the end of the variation series of the walrus. But 
the size of the tusk-alveoles produces still another difference. It 
causes namely the rows of teetlı to be squeezed togeiher, so that 
the distance of the two ineisors, compared with the breadth of the 
skull, is extremely small. But this also oceurs with some old wal- 
ruses. Moreover the lower side of the upper jaw differs in shape: 
in the walrus it is broad and hollowed, in the fossil narrow and flat. 

The lateral face of the skull presents in more than one respect a 
great difference with the walrus, namely in the shape of the tusks. 
In all the former properties the fossil approached the old walruses 
and if also the tusks had little deviated from theirs, the reasons for 
making a distinetion would have been rather feeble. But this is not 
the case. The curvature of the tusks is with the fossil much stronger 
than with the walrus. If we determine the radius of curvature 
of all the tusks, we find it in the fossil to be 27 centimetres, for 
the walrus never under 38 cms. It must be noted that such a small 
radius of curvature only occeurs with young, female walruses with 
relatively weak teeth. In older animals, however, with which we 
must compare our skull, the radius of eurvature was never under 
45 cms. and mostly over 50 cms. Whereas in the former properties 
the fossil resembles the old walruses, it deviates very strongly from 
them in regard to the shape of the tusks. Also the tusks are more 
elegant and the right tooth shows deep longitudinal grooves. 

From the tusks we may also draw a eonelusion as to the age of 
the animal. With young individuals the pulp cavity iS very deep; 
with advancing age it gradually fills with osteodentine. With the 
fossil now the pulp cavity only had a depth of 3,5 cm. Also the 
thickness of the tusks is greater in the middle than at the base, 
which points to the period of strongest growth for the teeth being 
passed. 


Again the considerable corrosion of the teeth point to an elderly 
individual. 


If we now summarise the results of the comparison of the fossil 
with the walrus, we may state: 
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That the fossil skull belongs to a walrus-like animal, whose skuli 
in general differs only little from recent animals as to strength of deve- 


Cross-section of the base of the tusks of Trichechus Huxleyi. 
Found near Breskens in the West Scheldt. 


lopment, but deviates entirely from them by the shape of the tusks. 
lt is a pity that for comparative anatomy the value of the frag- 
ment is nil, for it presents many properties of Trichechus, such as 
the strong crista oceipitalis externa, the big mastoid process and the 
massive bulla ossea still more typically than the recent animals. 


2. Comparison of the skull with already known fossil Trichechids. 


Fossil remains of Triehechids are known from North-America, 
England and Belgium. Also skulls of Trichechus rosmarus have been 
deseribed from the subsoil of Paris (17), Hamburg (10) and Cologne 
(25), but it has been proved that they were carried there by man. 
The North-American finds seem to belong to the pleistocene and 
miocene (21). The tertiary skull deviates in the number of molars 
{rom Triehechus rosmarus (8); the pleistocene remains are identical 
with Triehechus rosmarus, although Dr Kay has classed a skull 
fragment from Accomae County in Virginia under a fossil species 
Triehechus virginianus. 

The English fossils were first found in the “Red Orag” of Suffolk, 
where, however, they are in a secondary “Lagerstätte”; probably 
they belong to the older pliocene. (19). Later they have also been 
found in the “Cromer Forest Beds” (32). They are only tusks, 
distinguished from the tusks of walruses by strong curvature, 
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smaller thickness and deeper longitudinal grooves. Also Ray LAnKESTER 
is of opinion that in general they are bigger than those of the 
walrus, although the maximum size of the two is the same. So these 
tusks show a very good agreement with those of the Zealand fossil. 

The Belgian Trichechids, oceurring in the “Crag” of Antwerp, 
have been described by P. J. van BEnEDEN in a work of splendid 
get up (26). The only pity is that the eontents do not harmonise 
at all with the exterior, since to a dangerous imagination more scope 
has been given than to accurate description and careful eritieism. 
When the fortifieations round Antwerp were dug, fossil remains of 
Pinnipedia were found in very different places and at different times: 
they were treated by van BENEDEN in the following manner: 

“Voiei, comment nous avons procede: Apres avoir r&uni tous les 
08 de phoque,.... nous avons reuni tous les os de m&me nature 
c’est & dire, les humerus, les f&murs ete..... Apres cette premiere 
operation nous avons reparti les os longs apres leur taille, ayant 
devant nous les m&mes os des especes vivantes. Si P’on considere, 
que la plupart des pieces se re&pete plusieurs fois, il n’est pas 
diffieile, .... d’etablir parmi eux des groupes generiques et speeifiques. 
(Juand cette operation est faite pour les os comme les humerus et 
les fömurs,..... on leur rapporte les autres os, en se guidant d’abord 
d’apres leur dimension ..... Nous avons alors &tal& les humerus, les 
feınurs, les vertebres ete. des diverses especes europeennes et nous 
nous sommes assures, de quelles especes vivantes nos phoques fossiles 
se rapprochent le plus. En repetant la m&me operation pour les 
autres 08, nOUS sommes arrives ainsi A composer nos especes etäen 
etablir un certain nombre avec une certitude entiere.” 

Hence when van BEnkDEN had established a new species by means 
of.a single bone, he added to this bone what fitted” best in Size, a 
method which theoretically has some good points, but which in 
practice, with the very incomplete Antwerp material, presents so 
many diffieulties, that the determinations of VAN BENEDEN must a 
priori be received with some misgivings. In any case, only the first 
piece of bone, on which a Species was founded, may be regarded 
as having been definitely determined; all the other bones, added to 
it, must be critically re-examined. 

VAN BENEDEN describes three species of Trichechids, which he refers 
to three genera. Of these Triehechus rosmarus is supposed to be 
diluvial; the two others, Tricheeodon Koninckii and Alachtherium 
Cretsii are tertiary. 

Öf the common walrus only a scaphoid and an incomplete vertebra 
are described: “qui ont &te quelque temps confondues.... avec les 
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animaux quaternaires terrestres. On les avait places A cöte de Rhinoesros”! 

The genus Trichecodon was based on a small fragment of a tusk 
which has now even been lost and of which a cast only is left at 
Brussels. This strongly rounded fragment, however, is not typefied 
by a single characteristie, and so it will always be impossible to 
ascertain whether later remains really belong to it. But in this way 
the genus Trichechodon loses any right of existence and the bones, 
referred to it, must be regarded as undetermined. 

Alachtherium is first mentioned in an oration of Viscount pu Bus. 
Of this Trichechid only half a mandible was known then. Also in 
this case van BENEDEN has added to this lower jaw a whole series 
of bones from the neighbourhood of Antwerp. Among these also a 
fragment of a skull occurs, of which van BENEDEN gives the follow- 
ing description, accompanied by some large, but not very happy 
illustrations. 

“En comparant la tete d’Alachtherium avee celle du Morse, nous 
voyons des differences fort grandes dans la disposition de certains os. 
Vu par devant, le cräne est beaucoup plus elev& et les parties laterales, 
formees par le temporal surtout, sont plus @tendues en dehors et en 
dessous. Il en resulte, que par la partie superieure, le cräne se 
rapproche plus de celui des Otaries et par les parties Ihterales de 
celui des Morses. Le cräne est brise en avant de maniere que la 
bolte est restee entiere, et les os frontaux ne prennent qu’un faible 
part & la formation de la cavite cranienne. Le cräne, vu par la face 
posterieure, montre l’os oceipital s’elevant verticalement tres haut 
‘comme dans certaines ÖOtaries adultes et les parties laterales et infe- 
rieures, formees par le temporal, sont tres massives en meme temps 
qu’elles descendent fort bas. Les deux condyles sont brises. ... . Vu 
sur le cöte, le eräne presente l’aspect d’un casque; il est beaucoup 
plus eleve que dans le Morse et la conformation de toutes les regions 
est completement differente. ... . Tout le dessus du cräne est aplati 
et une bordure veritable separe cette region superieure en avant des 
os de la face, sur le cöte des os des tempes. Les parietaux sont fort 
bien indiqnes au devant de l’occipital et sont nn. de maniere & 
ressembler au premier abord, & des os nasaux” 

Not to mention a few inaccuracies, the inerenees with the walrus 
might have been indicated in less vague a manner, so that a new 
comparison does not seem superfluous: 

Looking at the skull in front, we notice several differences with 
the walrus, which all have led to an alteration in the shape of the 
parietal. For with the walrus this bone is clearly convex at both 
sides while witlı Alachtherium a concavity is found which only for 
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a small part must be ascribed to decrease in size of the eranium. 
It is chiefly caused by the development of a gigantie erista lambdoidea 
and by the big mastoid process, as well as by the form of both. 
The erista lambdoidea namely by its size draws the parietal upwards 
and since in a median direction it extends far to the front, it exerts 
this influence over a great part of the eireumference of the parietal. 
The strongly developed mastoid process, especially by its frontal 
position, draws the lower edge of the parietal and the upper edge 
of the squamosum outwards and therefore has the same effeet at the 
lower side of the parietal as the erista lambdoidea at the upper and 
posterior side: the two together produce the concave shape of the parietal. 
While now the strong development of the erista lambdoidea and the 
increase in height of the mastoid process also cause an increase in 
height of the skull as compared with the walrus, it is at the same 
time broadened by the frontal position of the mastoid processes. For 
these are placed with the walrus in a slanting forward direction 
and are also smaller than with Alachtherium. So we cannot wonder 
that the absolute height and breadth of the skull exceed the corresponding 
dimensions of the walrus, but that their ratio lies within the limit 
of variation of recent animals. 

Other differences with Trichechus rosmarus are found at the base 
of the skull. With the walrus a very large bulla ossea extends from 
the external edge of the basioceipital and basisphenoid as far as the 
masioid process and as far forwards as the fossa glenoidea; a more 
or less distinet groove separates this bulla ossea, in a rostral and a 
caudal part. With Alachtherium, however, the bulla ossea is very 
small and in this respect it deviates distinetly from the Trichechus 
type. Corresponding to some extent to this eircumstance the fossa 
 glenoidea lies far backwards in Alachtberium : the space between 
the articulation and the mastoid process is very small. While now 
with the walrus the fossa glenoidea extends on the jugal process of 
the squamosum, so that above it the squamosum rises in a slanting 
upward direction, with Alachtherium it lies far less free and in front 
of it the squamosum rises steeply. We shall see later on that this 
is of importance when dealing with the mandibles to which the 
cranial fragment was said to correspond by van BEnEDEn. 

A further difference is found at the border between basioceipital 
and basisphenoid. Not to mention a frontally diverging crista and a 
roughness on the oceipital on both sides behind it, these bones pass 
gradually into each other in the walrus. In Alachtherium the outside 
of the sphenoceipital suture is strongly thickened; a real knob has 
formed which only at the left side has been preserved. The back of 
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the basisphenoid now rises at the left to a great height against this 
knob and, instead of following the cranial base normally, it is situated 
here almost sagittally: the complete basisphenoid must consequently 
have shown a deep median groove. Analogous changes have occurred 
at the basioceipital, which towards the knob shows a deep concavity. 
By this the angle between basisphenoid and basioceipital has also 
become more acute than in the walrus. 

In order to compare the back of the skull with that of the walrus 
we placed the fragment in such a position that the upper edge of 
the parietal has a slight forward inclination, as this is also the case 
in a walrus skull, placed on the table without tusks. 

Then with both the basisphenoid rises slightly in a forward and 
the basioceipital in a backward direction, so that their positions 
may be considered as corresponding. 

With Alachtherium the outline of tlıe posterior part of the‘skull 
then shows one important change, caused by the strong crista 
lambdoidea and the broad mastoid processes. For this causes the 
back of the skull to consist of a narrow supra-oceipital and a very 
broad temporal part, a phenomenon which also with old walruses 
is sometimes indicated to some extent, but never so strongly as with 
Alachtherinm. Moreover Alachtherium has a very small eranium: all 
bones are uncommonly thick. Further in Alachterium the crista 
lambdoidea runs in a median direction far to the front and even 
shows a tendeney to pass into a sagittal ridge. As compared with 
the walrus this phenomenon becomes very striking by the complete 
absence of the crista oceipitalis externa. Where consequently with 
old walruses the oceipital superius is strongly convex by the massive 
crista oceipitalis, it shows witlı Alachtherium a deep median fold. 
Compared with Trichechus the hind skull of Alachtherium thus shows 
three modifieations: absence of the erista oceipitalis externa, size of 
the mastoid processes, and shape of'the erista lambdoidea. The dif- 
ferences at the side of the skull are not very great and we are 
certainly not justified in stating, as VAN BEnEepen does: that “la 
conformation de toutes ‚les regions est completement differente.”’ 
Espeeially with the skulls of old male walruses Alachtherium shows 
many points of resemblance and it would almost appear as if VAN 
Bknkoen had only a small material for comparison at his disposal for 
his description. 

The many changes which the skull of Alachtherium shows when 
compared with {he skull of Trichechus, have not deprived it, though, 
of its Triehechid character. But there are three phenomena which 
bring it nearer the Ötaridae: the smallness of the bulla ossea, the 
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absence of the crista oceipitalis and the tendency of the crista 
lambdoidea to develop on the skull into a sagittal ridge'). 

What reasons had v. Bkneokn to coordinate the eranial fragment to 
the mandible on which Alachtherium is based? He does not state 
them anywhere: 

“On ne possedait .d’abord de ce curieux Amphiterien d’autre os 
que le maxillaire ... ... Nous rapportons & c& m&me animal... ., 
le cräne que nous representons . . . ., les vertebres cerviecales ete. 
a er La forme du maxillaire inferieur indique une confor- 
mation toute particuliere de tous les os en face . z 

The question now is whether on the contrary it cannot be shown 
that cranial fragment and mandible do not belong to each other. 
Thıs seems indeed to be the case: 

The lower jaw deviates strongly from that of Trichechus and 
points in fact to a “conformation toute particuliere de tous les os 
en face”. But as the hind skull of Alachtherium does entirely 
conform to the Trichechus type, it is unjustifiable to assume for the 
lacking part an entirely deviating shape, only in order to be able 
to fit the skull to the lower jaw. 

The hind skull has much more massive and eoarse bones than 
Triehechus, the mandible on the other hand is larger than that of 
the walrus, but of a much more elegant and fine build: also in 
their structure skull and lower jaw have consequently opposite 
characters. Also the lower jaw is too big for the cranial fragment. 
For the cranium belongs to an old animal and so the lower jaw 
should certainly not be much 100 big for the skull. If we now 
divide two dimensions of the walrus and of Alachtherium, we find: 


Walrus Alachtherium Alacht. : Walrus 
distance of the fossae glenvideae 13.5 14.5 107 


length of the mandibie ER a 3; 144 


Hence we here obtain again such abnormally great differences of 
two dimensions between the walrus and Alachtherium that the 
otherwise considerable ‚analogy of the skulls does not permit us to 
ascribe mandible and skull to one species. The prineipal argument, 
however, is found in the shape of eranium and mandible. 

We saw that with Alachtherium the fossa glenoidea has a much 
less free situation than with Trichechus. With the latter the mandible 
has a short, vertical coronoid process, which consequently easily 
finds a place in front of the squamosum. The lower jaw of Alach- 


) J. A. Arzen (30) states about Trichechus obesus that this also has a small 
bulla ossea. 
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therium, on the other hand, shows a long coronoid process, which 
has a backward and slightly inward direction, and which on account 
of the un-free situation of the articulation of the cranial fragment, 
must inevitably come in collision with the squamosum ; hence the 
two bony pieces cannot possibly belong together. 

So we may conclude that the skull described as Alachtherium 
does not belong to this species. No more can it belong to Triche- 
codon, since this genus must disappear from literature. So it must 
be regarded as undetermined. 

Finally the “Musee d’Histoire naturelle” at Brussels possesses still 
another Trichechid skull, floated ashore near Heyst and considered 
to be diluvial. It is the cranium of a very old male: the sutures 
have all disappeared and the tusks are almost entirely used up. 
The preservation is exactly as that of the Zealand fossil: the bones 
have turned brown and the teeth entirely black; the skull is very 
heavy and perhaps has become partly siliceous. Besides its shortness 
and a strong development of the alveoles of the tusks, the fossil 
shows no differences with the walrus: these two characteristics, 
however, give it a very square appearance. But these small diffe- 
rences give us no right to regard the skull as a new species: it 
seems to be an ordinary Trichechus rosmarus. After having dealt 
with the known skuils, we must assign a place in the system to 
the Zealand fossil and to the Antwerp hind skull. They belong to 
different species. The resemblance of the tusks of Trichechus Huxleyi 
with those of the Zealand eranium was already pointed out. The 
curvatures of the tusks of Trichechus. Huxleyi, drawn by Ray Lan- 
KESTER, are: 

317 27030,058,>0008>°50 cms, 

Hence they agree much better with the Zealand tusks than with 
those of the walrus. Also the cross-sections of the tusks showed 
analogies and so we may safely class the Zealand skull under 
Triechechus Huxleyi. 

If we ask what age must be attributed to the skull from the 
Scheldt, we must bear in mind that the good state of preservation 
preeludes a long transport. Hence the skull must have been dislodged 
out of the bottom of the river. What sort of soil do we find there? 
Formerly already Dr. pe Man has described remains of diluvial 
terrestrial mammals (85), which were also fished from the Scheldt 
and partly even very near the spot where also the Trichechus was 
found (36). Now it is very improbable that the Trichechus and the 
terrestrial mammals come from the saıne layer, since both are well 
preserved. In the year 1879 Dr. SerLueım published some profiles 
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of Zealand, based on borings and showing that in the West Scheldt 
occasionally tertiary layers oceur. Since it is of course impossible 
to indicate the precise layer from which the fossil got free, yet it 
appears that the skull may belong to the tertiary pleiocene. Also in 
this respect it would correspond to Trichechus Huxleyi. 

The cranial fragment from Antwerp does not belong to Trichechus 
Huxleyi, since it deviates considerably from th& Zealand skull. Hence 
it must be a new species. It does not seem desirable to establish 
a new genus for a fragment, showing so much analogy with Tri- 
chechus. The name of this Trichechid may be, after the spot where 
it was found: 


Trichechus Antverpiensis. 


The recent walrus skulls from ‘the “Rijks Museum voor Natuurlijke 
Historie” at Leyden and from the Zoological collections of the University 
at Utrecht and Amsterdam were placed at my disposal through the 
kindness of Dr. F. A. Jexrınk and Profs. A. A. W. HusrecHT and 
Max Wiser. At Brussels I was enabled by the kindness of Dr. L. 
Dorzd to study the fossil and recent material of the “Musde royal 
d’Histoire naturelle de Belgique”. Finally I have to thank Prof. 
WicHmann who lent me the fossil for description and without whose 
assistance I should certainly not have succeeded in collecting all 
the literature. 


FIGURES. 


Figs. 1.3.5. Hind view, base and side of the skull of Trichechus Huxleyi. 
Find: opposite Breskens in the West Scheldt. 

‚Figs. 2. 4. 6. Hind view, base and side of the skull of Trichechus Antverpiensis, 

Find: near Antwerp. 
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Anatomy. — “On the ewistence of cartilaginous vertebrae in the 
development of the skull of birds”. By Prof. J. W. van Wisuk. 


(Communicated in the meeting of April 26, 1907). 


It is a well-known fact that at a certain stage of development the 
notochord in all vertebrates extends forward as far as the hypo- 
physis cerebri and backwards as far as the tip of the tail. 

Över the whole length of the trunk and also in the occipital 
region of the head the dorsal part of the mesoderm is separated 
into segments or somites. 

In the lower vertebrates: Selachians and Petromyzontes, the somites 
are not restrieted to the oceipital region, but extend forward as far 
as the hypophysis, i.e. equally far as the notochord. 

The greater part of the voluntary muscular system is formed from 
the somites and in Amphioxus the segmentation of this museular 
system is permanent and distinet from the anterior to the posterior 
end of the body. 

The original function of the somitic museles of the Chordates 
existed in my opinion‘) in the to and fro movement of the notochord 
and so of the whole body during swimming. 

In the Craniotes this muscular system is interrupted in the region 
of the aurieular organ and in my opinion the presence of the aurieular 
capsule is the cause of this. This capsule, which also encloses the 
organ for equilibrium, needed a firmer attachment than could be 
afforded by the connective tissue and found it in the parachordal 
cartilage, through the stiffness of which the museular fibres in this 


region could no longer operate and consequently disappeared, partly 
even in their origin. 


I) Ch. van Wıme “Ueber die Homologisirung des Mundes und die primitive 
Leibesgliederung der Wirbelthiere.” Prrrus CAnPER, Vol. IV. 1906. 


(15) 


The effect of this was also felt in the region in front of the 
auricular organ, but here part of the somitic museles remained on 
account of a change of function. They became attached to the here 
developing eye-ball and now served for the movement of this latter 
and no longer for the movement of the whole body.‘ This was 
accompanied by far-reaching shiftings, which can still be followed 
in the individual development. 

The cartilaginous skeleton forms a system which appears only late 
in the development of the vertebrates and long after the appearance 
of the museular system. As soon as the first cartilage may be 
observed, the muscular system in the head has undergone the 
changes here indicated. In the auricular region the somitie muscles 
have degenerated; partly they were not even indicated ; in the region 
in front of the aurieular organ they have entirely changed in place 
and shape and have entered into the service of the eye-ball. Only 
in the region behind the auricular organ — the oceipital region — 
the myotomes — generally numbering three — still stand in the 
original order, like the myotomes of the trunk. 

Head and trunk are separated in the ontogeny — although the 
border is later somewhat shifted in a caudal direction — already 
before the cartilaginous spinal chord appears, and I see no reason 
for assuming that this separation should not have taken place also 
in phylogeny before the appearance of the spinal chord. 

The segmentation of tbe spinal chord depends on that of the 
muscular system. The boly of a vertebra is not formed opposite the 
middle of a myotome, but opposite the border of two suceessive 
myotomes. BaLrour has given the explanation of this at first sight 
curious phenomenon: the first muscular fibres oceupy the whole 
length of a myotome and lie laterally of the tissue, surrounding the 
notochord. Now it is no more than natural that the solid points of 
attachment which in this tissue are formed for. the muscular fibres, 
namely the origin of the vertebral bodies, are formed opposite the 
borders of two successive myotomes. 

If we now ask where the appearance of vertebral bodies in the head 
must be expected, the answer must be that this cannot be in the 
auricular region, since here the myotomes have disappeared at the 
time of the appearance of the cartilage. No more can this be the 
case in the region in front of the auricular organ, for here the 
myotomes have entirely altered their place and have entered into 
the service of the eye-ball. 

Only in the oceipital region one would expect the appearance of 
two or three vertebrae. Yet until recently nobody has observed them 
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here, although this region has been investigated not only by the 
method of sectional series, but also by the methylene blue method, 
by which the investigation is so much easier. By this method 
Dr. NoorDEngos did not find them in the vertebrate skull any more 
than myself in the skull of Selachians. 

Instead of vertebrae we found the well-known parachordal cart- 
ilage accompanying the notochord in tlıe oceipital and auricular regions. 

Certain authors liave indeed spoken of the origin of vertebrae 
in the occiput, but the parts observed by them, were not cartila- 
ginous but only badly outlined cell-heaps, not deserving the name 
of vertebrae. 

So I was greatly surprised when my former assistant, Mr. F. 
SonIes, discovered by the methylene blue method two cartilaginous 
vertebral bodies in the oceiput of embryos of the chick of the sixth 
breeding day and of ducks in a corresponding stage. 

It will be asked how it is possible that these vertebrae have not 
been long known, since the embryos of the chick form the classical 
material for investigation in all embryological laboratories. The 
answer is that they were not discovered because the stage, in which 
they appear, is of so very short duration. One has to hit the moment 
in which the cartilage appears in tbe first two vertebrae of the neck. 
Before the cartilage appears in the remaining vertebrae, the two 
occipital vertebrae have already coalesced with the parachordal 
cartilage. 

It is impossible to indicate the hour of the breeding day, since 
the development of the different eggs varies too much. By taking 
a large quantity of material, however, it is always possible to obtain 
the desired stage. It would require an immense expenditure of time 
to work all this material by the sectional method. With the methylene 
blue method, however, one is ready in a few days. 

So the parachordal cartilage of birds does not originally form a 
morphological unity. With Sons we may distinguish two parts in 
it: an anterior praevertebral part, situated in a region where the myo- 
tomes are degenerate or abortive and a posterior or vertebral part, 
oceurring in the shape of two vertebral bodies, which soon eoalesce 
with the anterior part. 

Corresponding to these two vertebral bodies later also two vertebral 
arches appear on each side, which soon coalesce, but the locality of 
which remains indicated by two openings for the two roots of the 
nervus hypogiossus. 

For further partieulars and for several new discoveries about the 
development of the cartilaginous skull and the spinal column of 
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birds, I refer to the academical thesis of Mr. Soxiss, which is now 
going through the press and will soon be published, also in “Petrus 
Camper”. I will only mention that the small polar cartilage, discovered 
by NOORDENBOS in mammals and which also appears in Selachians, 
was found by Soxıss also in birds. 


Microbiology. — “On Lactie acıd fermentation in milk’. By 
Professor Dr. M. W. BEIJERINCK. 
(Communicated in the meeting of April 26, 1907). 


In milk left to itself, which in eonsequence of spontaneous infection, 
- contains the more generally distributed germs, with certain regula- 
rity some special floras are observed, whose composition is chiefly 
controlled by two factors: temperature and oxygen pressure. If the 
latter is very slight, that is, if the mierobes of the milk are reduced 
to more or less anaörobie conditions, the floras become simple of 
composition and produce certain fermentations. The three principal 
of these are the Aörobacter-, the Butyrie acid- and the Lactic acid 
fermentations, of which the two first are always characterised by the 
evolution of hydrogen and carbonic acid, whilst in the lactie acid 
fermentations, which may occur under different forms, beside the 
lactic acid, no gas at all, or earbonie acid only is formed. Sometimes 
this fermentation is accompanied by a vigorous slime formation, 
which slime consists of the swollen cell walls of the inferred lactic 
acid ferments. 

For domestic purposes the lactie acid fermentation should be con- 
sidered as useful; botlı the others as noxious. 

The fermentation experiment the dairy industry applies to judge 
of the purity of milk has for its object to determine the commonness 
or the rarity of the germs of Aörobacter and of the butyrie acid 
ferment. To this end a high standing glass is filled with milk, placed in 
a water bath of 40°C. and it is observed whether any fermentation 
gas is evolved, and if so, after how much time. In good milk this 
production of gas does not occur because then the lactic acid ferments 
develop so quickly that the other microbes are expelled. Artificially 
the Aörobacter fermentation is easily obtained by infecting non- 
acidified milk with faeces, soil or canal water and cultivating at 
about 37° to 40° C. After 6 to 12 hours production of gas is observed 
originating from Arobacter coli or more rarely from A. aörogenes. 
The nature of the thereby obtained varieties changes with the 


temperature. 
At temperatures beneath 40° the Aörobacter fermentation, after 


2 
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lasting some hours, is replaced by a butyric acid fermentation which 
again, after some time is succeeded by a lactice acid fermentation. 
Externally the Aörobacter and the butyrie acid fermentations cannot 
be distinguished, but this can be done easily with the mieroscope. 

If 3 to 5°/, chalk is added to a culture in a stoppered bottle at 
35° to 40° C., the butyrie acid fermentation can go on longer, and 
by early transplanting, likewise in milk with chalk and with exclusion 
of air, check tbe development of lactic acid ferments, without, 
however, quite dispelling them. 

Microscopically the butyric acid fermentation may be recognised 
by the long, thin, at neutral reaction highly motile rods, sometimes 
mixed with elongated or more rounded clostridia, colouring blue by 
iodium, all belonging to the species Granulobacter saccharobutyricum. 

To accumulate from such a crude butyrie acid fermentation in 
milk the laetic acid ferments, which hardly ever lack there, it will 
suffige to transplant some drops into milk without chalk, and, if 
necessary, to repeat this after the butyrie acid fermentation, which 
always sets in at first, is finished. Whether this be done in open or 
closed bottles or tubes, at 37° to 40° C., lactie acid rods of the genus 
Lactobacillus will be seen to appear, which by repeated transplantations 
completely dispel the butyrie acid ferments. 

If in these experiments instead of using fresh, unheated infection 
material, the soil, water, or faeces are previously heated to 80° or 95°C., 
by which only spore-forming microbes can develop in the milk, the 
fermentations of Aörobacter and the lactic acid ferments do not arise, 
their germs producing no spores, but a butyrie acid fermentation is 
obtained, from which the a&robic spore-formers may be dispelled by 
repeated transplantation at exclusion of air. 


1. Properties of the active lactie acid ferments. 


As many bacteria of the most different groups can produce lactie 
acid it seems not superfluous to indicate what are the characteristies 
of the lactic acid ferments proper. 

The active forms of dairy industries, yeast manufactories, distilleries, 
tanneries, and breweries, although joined by transitions, may be 
practically classified into the physiological genera Lactococeus, Lacto- 
bacillus and Lactosarcina, of which the two first only occur in the 
dairy products'). 

!) In the chief floras of milk- and dairy products occur, to my knowledge, no 
species of Lactosarcina. When EMMERLING asserts to have found a yellow Sarcina 
in Armenian mazun (Centralbl. f. Bacteriologie, 2t” Abt. Bd. 4, p. 418, 1898) 
this can only have been a common infection from without. Also in butter sarcine 


species may aceidentally occur but they do not belong to the chief flora, which 
consists of lactic acid ferments and lipophili. 
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They are always immotile, no-spore forming bacteria, which bear 
drying very well and which, by heating to 65° or 75°C., in whieh 
they just remain alive, while these temperatures are deadly to most 
other non sporeproducers, may be’separated from these (“lactieisation’). 
They require for nitrogenfood peptones, such as are found in milk, 
malt extract, or other juices of plant- or animal origin, and for carbon 
food certain Sugars, which may differ for different species. They do not 
peptonise proteids and, thus, do not liquefy gelatine; the secreted lactie 
acid can dissolve a certain quantity of caseine, but chemically this 
substance remains unchanged. These circumstances regulate their 
distribution in nature, where theysare by no means general, but may 
rapidly multiply, especially under the influence of man. They are, 
however, found in the soil and can, by methods mentioned below, 
be aceumulated and cultivated in a condition of pureness. 

They are always more or less distinetly microa@rophilous, some 
species or varieties can, however, grow very well at the air; other 
forms cannot and behave as real anaerobies. Access or absence of 
air is commonly of no consequence to the acid formation, but in the 
yeast industry a species is used, which at full atmospheric pressure 
produces no acid, and in the dairy industry are also forms which 
display the same property. 

Always, even on good nutrient media, to which belong in particular 
maltextract agar, and milk- or whey-agar, the growth of the colonies 
remains limited, especially if the air and the produced acid can act 
simultaneously. If the acid is neutralised by chalk the growth of the 
colonies at the air may also become important. Yet, in most cases, 
the recognition of these ferments may repose on the smallness of 
their colonies compared with those of other bacteria. 

Catalase is constantly absent, and hereupon an excellent diagnosis 
can be based, for which it is only necessary that a culture plate, on 
whieh all kinds of bacteria may occur, be flowed with strongly 
diluted hydrogensuperoxyd which is by all microbie species, except 
the lactie acid ferments, indifferently whether they belong to Zacto- 
coccus, Lactobacillus or Lactosareina, changed into a scum of little 
oxygen bubbles. 

Even the lately described ') large celled ‚Sarcina, which in conse- 
quence of continued research I now consider as identie with the 
stomach sareine (Sarcina ventricul), and whose acid produeing 
power is very slight, — 1. e: 3 c.c. of normal acid per 100 e.c. of 


\ 


1) These Proceedings 25 Februari 1900. Archives Neerlandaises T.1 and 2. T. 11, 


p. 200, 1906. 
I* 
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maltextract or glucose broth, — does not at all decompose hydrogen 
superoxyd. 

If we consider how generally catalase is met with in the animal 
and vegetable kingdom, as also in the microbes, its very absence in 
the lactic ferments appears in a peculiar light. 

All active lactie acid ferments from milk invert sugar (invertase 
reaction) and can more or less easily decompose esculine and indican 
(emulsine reaction). The reaction on esculine is demonstrated by 
introdueing, for example, 0.1°/, of this substance and a few drops 
of ferrieitrate solution into whey agar or whey gelatin. Streaks drawn 
on it of species which decompose esculine produce intensely brown 
or black diffusion fields of esculetiniron, brown at more alcaline, 
black at more acid reaction, so that the lactice acid ferments become 
recognisable by the black fields in the midst of which their colonies 
are placed '). So long as esculine is present it is recognised by the 
magnificent blue fluorescence of the whole plate at feeble alcaline 
reaction. Indican may be used in a corresponding way but then no 
iron salt is wanted as the indoxyl produced from the glucosid 
oxidises of itself at the air to indigo blue. The lactie acid ferments 
decompose these two glucosides, slowly indeed, yet these reactions 
are very characteristie and useful. Amygdaline is not decomposed by 
the lactic acid fermentes. °) 

To the most remarkable properties; of the lactie acid ferments 
belongs their power. of reducing levulose to mannite, ’) which latter 
substance may even in concentrated nutrient solutions be recognised 
by its ready cristallisation at evaporation. A single drop dried on 
the object glass, commonly gives at microscopical investigation full 
certainty as to the existence of this reaction. 

The lactie acid ferments thereby strongly contrast with the so 
nearly allied vinegar bacteria, in as much as the latter do Just the 
reverse, i.e. they change by oxidation mannite into levulose. 

Like so many other bacteria the lactic acid ferments possess, 
also with regard to various pigments, a strongly redueing power, 


!) The knowledge of this extremely sensitive reaction, which has been applied 
for years in my laboratory, I owe to my colleague Mr. H. rer Meuxen. 

3) Amygdalin is decomposed with much more difficulty by the action of mierobes 
in general than the other glucosides named in the text. Moulds mostly decompose 
it into amygdalinate of amonium; beer yeast into amygdalonitril glucosid and 
glucose. Splitting under production of bitter almond oil, hydrocyanie acid and glucose 
I detected hitherto only with Saccharomyces apiculatus and with the anaörobie 
ferment of butyric acid fermentation, Granulobacter saccharobutyricum. 

3) Ferments lactiques de l’industrie. Archives Neerlandaises 1901. Kayser, Fer- 
mentation lactique. Annales de l’Institut agronomique 1904. 
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as is easily shown by inoculation into deep test-tubes of boiled 
milk coloured with litmus. The red litmus is first in the depth, 
later till near the surface quite discoloured, to turn red again by 
shaking with air. The thickness of the red layer in the curdled 
milk admits an aecurate measure of the intensity of the growth and 
of the reduction process. The thinner the red layer the more inten- 
sive both functions must be. 


2. Factors of varability. 


Many, perhaps all lactie acid ferments display a high degree of 
variability as well in physiological as in morphological properties. 
Nevertheless this variability in different stocks, coming from different 
isolations of the same species, is not always equal by far, which may 
give rise to trouble in the study of the specific properties. The eircum- 
stances causing the variabilitiy are but partly known; decidedly 
belongs to them an oxygen pressure, too far above or too far beneath 
the optimum for the vital functions, which may, especially for the 
bacterium of the long whey (Lactococcus hollandiae), be demonstrated 
with exceeding clearness. 

This remarkable species is characterised by a vigorous slime 
formation when cultivated in milk or whey, but loses this power 
at temperatures above 20° O., as well at the ordinary pressure of 
the atmospherie oxygen, äs at complete exclusion of it, if the changed 
influence is allowed to act during some time on the growing microbes. 
This is shown by cultivating the whey in a closed bottle; the upper layer, 
just beneath the stopper, where a little air can find access, becomes quite 
liquid and contains a hereditarily constant, common Lactococcus, 
forming little acid and no slime. Also by cultivating the long whey 
mierobe in tubes of boiled milk with access of air, after one or two re- 
inoeulations, & Lactococcus is produced, which forms no slime at all. 
If the material for the reinoculation is secured from the depth of the 
cultures grown in closed flasks, at places where the access of air is 
impossible, and the inoculation is repeated Once or more in the same 
way, a Lactococcus is likewise obtained which displays no trace of 
slime production. ' 

At some depth beneath the surface, however, is a zone in which 
unchanged, slime forming, hereditarily constant material is found. 

What in this case can be very easily ascertained, proves, at 
accurate investigation, also to be true for the other species of lactic 
acid ferments, namely, that they only then continue to display 
constant specific characters, when they are continuously cultivated at 
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a certain pressure of the oxygen, else, these characters are seen 
to disappear, whilst in fact, or apparently, new ones originate. Hence, 
in some cases it may be proved, in others the probability is shown, 
that each species must oceur in three varieties, joined by intermediate 
forms, i.e. the normal form, a “high pressure variant”, and a “low 
pressure. variant”. 

As in wholly different groups of bacteria corresponding facts may 
be observed, there is cause to assign a fundamental signification 
to them. 

A decisive factor which may cause the production of variants is 
furthermore the temperature, for experience proves that a prolonged 
eultivation above the optimum temperature of growth, gives rise 
to the appearance of forms distinetly different from the original stock. 

In other cases tlıe cause of the variability is unknown; not seldom 
for example, we find at the very first culture of a species taken from 
nature, strongly varying colonies, which prove to belong to the same 
species only because many colonies by sector-variation display the 
genetie alliance of the variants to the wild stock. 

But then, too, there is reason to admit that the new vital eondi- 
tions, to which the microbes are subjected just by the change of 
oxygen pressure and temperature, are the chief factors of the variation 
process which is, as it were, seen in action. This observation is of 
so general a nature and is so closely related to the essence of life, 
that it must be considered as probable, that also in higher plants 
and animals, local changes in the access or exclusion of oxygen, in 
connexion with temperature, play an important part in the morpho- 
genesis. 

As the examination of other species of micerobes shows that the 
absence of certain nutrient substances in the culture medium, at free 
a&ration and during growth, may cause hereditary variation, for example 
in Schrzosaccharomyces octosporus, which in old eultures changes into 
the spore-free variant, totally differing from the chief form, there is 
reason also to believe, that also the said factor must be considered 
to explain the great variability of the laetie acid ferments: but the 
observations there about are not yet fit for definite conelusions. 


3. Electiwe culture of the microbes of the slimy 
lactice acid fermentation. 


There is reason to assume that the slime produeing lactie acid ferments 
are the normal forms and the non-slime formers, species or variants 
derived from them. Hence, the former deserve to be considered in 
the first place. 
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To the typical slime produeing species belongs the microbe of the 
long whey (Zactococcus hollandiae), which particularly before the 
introduction of pure cultures in the dairy industries, played an 
important part in the fight against cheese defeets in North-Holland, 
and is still here and there practically used to that end. 

Further I have found that the popular food known in Norway 
as “tjaette molken”, a sample of which I owe to the kindness of 
Mr. Pennink of Rotterdam, consists of milk, in which the long whey 
mierobe, or at least a nearly allied form, secretes acid and slime. 

Other materials in which these and allied mierobes occur, were 
till now unknown, evidently because of the uncertainty about 
culture conditions and the lack of a good accumulation method. 
Taking the idea “species” in the broad sense, I think there is no 
objection as to bringing the group of forms, found in the manner 
described below, to the species just mentioned. 

Starting from the following properties, the most characteristie for 
the microbes ef the slimy lactie acid fermentation: 

1%. The optimum temperature for their growth is at 20° or lower, 

2nd, they can only compete in anaörobie cultures with the other 
microbes, and 

3'd, the medium ımust consist of substances containing peptones 
as nitrogen and carbonhydrates as earbon source, I succeeded in 
finding a method giving rise to their accumulation. 

It is true that I only examined a single material in this way, the 
common baker’s yeast, but the investigation of the soil of fermenting 
or fermented substances, in short of materials of most varying de- 
seription may be done in a corresponding way. 

The experiment is arranged as follows. 

Into a 30 e.c. closed bottle, filled with maltextraet, to which is 
added '/,°/, of peptone sieecum and which contains c.a. 10°/, extract, 
a little pressed yeast is introduced, for instance '/, gram. Placed at 
a temperature of 18 to 20°C. a «juiet fermentation sets in, which is 
allowed to continue 24 to 72 hours, whereby, because of the absence 
of air the yeast hardly grows, but the various lactic acid ferments 
reproduce quickly. Other microbes do not develop. Not seldom in 
this first culture have the contents of the flask already become 
somewhat slimy. 

Whether this be the case or not, a not too small quantity from 
it is transplanted into a bottle quite filled with boiled, air-free milk, 
for instance '/, c.c. into 30 c.c. of milk. At the same low or a some- 
what higher temperature only a flora of lactic acid ferments can 
develop, and if the slime-forming species is present, it is the most 
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vigorous. We then see that after 2 or 3 days the milk become 
slimy and by inoculation into milk whey, a culture will start which 
sometimes differs so little from the ordinary long whey, that we 
may conclude to an identity of species. 

Of course, I cannot foretell that such microbes occur in any yeast 
sample taken at random, hence I must add that for my experiments 
I used pressed yeast from the Yeast and Alcohol manufactory at Delft. 

Such a culture in milk differs it is true in some respeets from 
what is obtained by growing long whey from North Holland in milk, 
as in the former case short rods or oblong cocci are observed, and 
in the latter, shorter forms more reminding of the common mierococci. 

I expect that by repeating this experiment various deviating 
varieties will be found, and by application of the method to other 
infection material perhaps new. species of slime laetie acid ferments 
may be discovered. 


4. Electiwe culture of the lactococcı of cream souring. 


As the lactococei and lactobaeilli, which both occeur in spontaneously 
or otherwise soured milk, in cheese, and various other dairy products, 
seem to grow nowhere better than in milk,') the culture experiments 
here considered, should be taken with milk. 

In order out of the innumerable microbes of the crude milk 
practically to come to a pure culture of Lactococcus, the management 
is as follows. 

The optimum of growth is at 30° C. or lower, and as all species 
of Lactococeus (like those of Lactobaciltus) are strongly microa&ro- 
philous, sometimes even anaörobie (i.e. cannot grow at all at. full 
atmospheric pressure on plates), it is best to eultivate in absence of air. 

A stoppered bottle is quite filled with commercial milk and placed 
at 30 C. After 24 hours or somewhat later a ZLactococcus-flora 
begins to replace the other. microbes, while not seldom a feeble 
fermentation of B. coli or B. aörogenes has preceded. 

After one or two re-inoculations under the same conditions, but 


!) It is not impossible that there are “peptones” which, together with glucose 
or lactose, are still better food for the lactic acid ferments than milk itself, How 
very differently peptones of dissimilar origin act on microbes is: easily observed in 
yeast species which in general grow better on “plant peptones” than on “animal 
peptones”. The introduction of the word “bios” to denote those nitrogen compounds 
which are best fit as yeast food, is an atlempt to cireumscribe the peptoneproblem 
has been given. The relation between “peptones” and the lactie acid ferments is 
still closer than between these substances and the different yeasts; but it is here 
not the place to insist on this point. 
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into well boiled milk, which is done by transferring a trace of the 
first culture to the second bottle, quite filled with boiled, air-free 
milk, and so on, the lactococei free themselves completely from all 
foreign microbes aud a material is obtained, which displays a high 
degree of purity and of practical usefulness. If the acidifying power 
of the microbes obtained by the experiment is lower than wished 
for, for example 5, whilst 8 to 10 c.c. of normal acid on 100 c.c. 
milk is desired, this must be attributed to the accidentally present 
stock. It is necessary then to begin a new experiment, following the 
same way as described, or it can be advisable to perform the first 
inoculation with some good butter-milk. 

As buttermilk, however, very often contains lactose yeast, in the 
latter case a vigorous alcohol fermentation may at first be expected 
in the bottles. But it soon disappears by inoculation into milk rendered 
free from oxygen by boiling. 

If in this way, thus in absence of air, the culture has. been 
prolonged, a fairly constant acid amount is obtained at each renewed 
inoeulation, which does not, however, rise above 10—12 ce.c. normal 
in 100 e.c. of milk. On whey agar or whey gelatin plates the growth 
at the air of the thus obtained lactococei is different, as sometimes 
a great many a@robie colonies arise, which cause the same acidi- 
fieation as the eultures in the bottles, while in other cases nothing 
is seen to grow. 

The first group corresponds with the usual commercial forms 
destined for the souring of eream, which eommonly consist of 
cultures of ihe microbes dried on milk sugar or starch; moreover 
there are commercial a6robie pure eultures in milk or whey, which 
are sold in bottles. Ä 

The second group, that is the cultures non-growing at the air, 
may still better be used for the cream souring than the a&robie 
stocks, as the ana&robie forms of Zactococcus show more aptness to 
secrete the flavour desired in butter, than the more a&rophilous 
bacteria. ') 

As well for this reason as for the great purity of the eultures made 
after this “bottle method”, there is reason to prefer them in dairy 
work to the commercial so-called pure cultures, which for the greater 
part are by no means pure, but mostly contain, besides lactococei, 
numerous contamination germs of the milk. In consequence of 
frequent investigations I ean therefore advise interested persons to 
use the here described method. Best would be if these cultures were 


1) Of late I have also met with such like anaörobie lactic acid bacteria in com- 
mercial preparations. 
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prepared in the creameries themselves, but also the sellers of pure 
cultures, by following the above prescriptions, will obtain a better 
product than by the more usual way of selection of aörobie colonies. 
Besides, the management is simpler and more scientific. 

To my opinion there is no satisfying ground to class the a&robie 
aud anaörobice forms of Lactococcus, which can be produced after 
the said method, in separate species. They are but variants of one 
and the same species, whose oxygen requirements are different, which 
also appears from the fact that in the course of time one and the 
same stock shows considerable differences with regard to the said 
relation. Moreover, by several isolations all transitions between the 
more or less a&robie stocks may be obtained. 

Finally it should be borne in mind, that by applying the “bottle 
method’ at low temperature, in rare cases instead of a culture of 
real Zactococcus a Lactobacillus is obtained, which may likewise be 
had by colony selection from cheese. Using this Zactobacillus I did 
not observe at all the pleasant flavour of the ana&robie lactococci, 
so that I do not recommend these bacilli for eream souring. 


5. EBlective culture of the lactie acid bacilk. 


If milk, soured spontaneously by Zactococcus lactis, or still better, 
buttermilk, is placed at exclusion of air in a thermostat of ca. 
40° C., the original acid amount of 8 .to 12 c.c. will in most cases 
rise after some days to about 18 or 20 e.c. per 100 c.c. of milk. 
For this experiment it is best to use a stoppered bottle of 250 to 
300 e.c. capacity quite filled with milk. If for the first experiment 
a smaller quantity is used the result becomes uncertain, either by 
the disturbing influence of the air, or by the scarcity of the inferred 
bacteria. 

The first change commonly observed in the sour milk is a mode- 
rately vigorous alcoholie fermentation, eaused by the hardly ever 
lacking lactose yeast, and at-the same time a complete separation 
of the caseine, which is driven to the surface of the liquid by the 
carbonie acid. 

Microscopically we. find that the lactococei present at first, are 
succeeded by more lengthened forms, truncated at the ends and 
united in chains, whereby. the acid titer may considerably diminish, 
for instance in 12 hours from 8 e.e. to 6 e.c., which should be 
ascribed to the lactose yeast, for which the free lactie acid can 
serve as carbon food. By transference, at exlusion of air, the lactose 
yeast, as in the elective culture of lactococei, is rapidly dispelled 
by the then stronger lactic acid ferments. 
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Real lactobaeilli mostly appear after 2 or 3 days and then the 
acid rises rapidly parallel to their multiplication to 20, even to 
25 ce.c. normal per 100 e.c. of milk. When this degree of souring 
is reached, there is usually no further increase observed, not even 
after several days, and’ whenever this does take place, there should 
be thought of aöration, by which the growth of vinegar bacteria 
and acetic acid formation from alcohol, have become possible. 

The pure culture of lactobacilli is sometimes easy, in other cases, 
with more anaörobie stocks, it is more diffieult. Always, however, 
it is troublesome with these pure eultures to obtain a considerable 
souring in milk and there is most chance of success (but even then 
the success is not quite certain) by souring lactobacilli together with 
Lactococcus which serves for the first souring to 8 c.c. If this amount 
of acid is reached, and the pressure of the oxygen sufficiently dimi- 
nished, which in a stoppered bottle is likewise brought about by 
the presence of the lactococei, the lactobaecilli can develop and cause 
further souring. 

From the observation that by the described experiment more or 
less perfecetly anaörobie lactobaeilli are obtained, follows that here 
as in the case of Lactococcus different varieties may be expected. 
At a continued research the differences prove to extend over other 
characteristics also and may become so great, as well from a morpho- 
logie as from a physiologie point of view, that it seems necessary 
to create new species. 

Especially the dimensions of the rods, the more or less branched 
state of the colonies on agar plates, the slime formation, the either 
or not originating of carbonie acid as fermentation gas beside the 
lactie acid, and the action or non action on different sugars give 
rise to this eonsideration. The deeper however we enter into these 
distinetions, the more troublesome it becomes to devise such descrip- 
tions as are wanted to present to other investigators an image of 
the results of our own researches; so numerous become the forms 
whieh nature, or better perhaps, which culture produces, and so 
slight are the differences by which these forms are distinguished, 
if we do not confine ourselves to the extremes of the groups. ') 

If the latter is done, two distinet forms call attention, which on a 
former oceasion I named?) Lactobacillus caucasieus and L. longus. 


1) For further information see W. Hennegers, Zur Kenntniss der Milchsäure- 
pakterien. Sonderabdruck aus Zeitschrift für Spiritusindustrie. No. 22--31, 1903. 


Parey, Berlin. | 
2) Sur les ferments lactiques de l’industrie. Archives Ne6erlandaises. Ser. 2, T. 6, 


p. 212, 1901. 
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Without attributing a special value to this classification I yet wish 
to keep to it as I think that the facts to be mentioned are fairly 
well comprised thereby. 

The longusgroup is characterised by its not acting on maltose, 
so that in maltextract no, or very little acid it formed, but it does 
derompose milksugar. In milk the forms of this group, if grown 
after a previous culture of Zactococcus which has produced 5 t0 8 c.c. 
of lactic acid per 100 ce.c. of. milk, will once more produce a certain, 
even a like quantity of acid so that ca. 16c.c. may be titrated, the 
latter amount being however an exception. Generally no evolution of 
carbonie acid is observed but sometimes it is, and then so much gas 
can arise that a milk beverage is acquired foaming like champagne. 

By a series of transitions, the longus forms obtained at 40° C., 
are joined with lactobacilli which at a lower temperature find their 
optimal vital conditions, but which are rarer in milk. 

The caucasicus group comprises those lactobacilli, which are able, 
independently of lactococei to produce in milk a very high acid 
formation. At 37 to 40°C. it is possible after three days of their 
action to titrate 20 to 25 c.c. of normal acid per 100 ce.c. of milk. 
When that amount is reached further acid formation stops. In this 
case, too, there is a parallel form which, beside much lactie acid, 
also evolves carbonie acid. What by-product is then formed from 
the lactose molecule beside the carbonic acid is not yet clear; pro- 
bably it is aethylalkohol. G. BERTRAND has proved that these ferments 
can produce succinie acid. They greatiy owe their notoriety to their 
presence in kephir, which subject I have touched before‘). Later 
however I have come to the conelusion ?) that their distribution is 
by no means restrieted to kephir only, but that they also oceur in 
our climate, sometimes in buttermilk, in cheese and even in common 
baker’s yeast. 


6. Yoghurt and maya. 


The use of soured milk as drink and food is so familiar to many 
Eastern countries, and dates from so remote an antiquity that there 
can be no doubt as to its favourable effect on health, and the esta- 
blishment of various societies which try to popularise new preparations 
of that nature, seems to prove that the attention of the Western 
nations begins to be drawn towards it. 

Both in the preparations of the Eastern nations and in those of 


') Sur le Kefyr. Archives N6erlandaises. T. 23, p. 428, 1891. 
2) Ferments lactiques de l’industrie 1. c. 
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industry are always found lactie acid ferments of the genus Lacto- 
bacıllus, mostly of Lactococcus too. These lactic acid ferments alone 
determine the character of the “leben raib” of Egypt, ‘) of the 
“yoghurt’’ of Bulgary,’) and probably also that of the “prostokwacha” 
and the “veranetz” of Russia, which METCHNIKOFF mentions. In the 
“kephir”’ of the Caucasus, the “koumys’ of Central Asia, °) and the 
“mazun” of Armenia, *) oceurs moreover, lactose yeast, whieh may, 
however, under certain circumstances be wanting, without the 
character of these beverages being lost. All other mierobes, which 
are mentioned in literature as occurring in the said beverages or 
their ferments, such as Oidium, Mucor, other moulds, torula, red 
yeast, vinegar bacteria, butyric acid ferment, proteolytic bacteria, 
are only present by deficient preparation, so tbat it may be said 
that in all examined cases a pure lactic acid fermentation proves to 
be the wanted process, whilst eventually also an alcoholie ferment- 
ation is wished for or suffered’°). 

Hence, in the commercial preparations which start from yoghurt, 
only lactie acid ferments are cultivated. I have in particular inves- 
tigated the products of “Le Ferment”, mentioned beneath, as also a 
substance, sold as “maya’” or Bulgarian ferment, °) to which my 
attention was drawn by Dr. De List at Scheveningen. Here I will 
shortly describe the latter preparation. 

It consists in a yellowish strongly acid reacting powder, composed, 
after chemical, microscopical and bacteriological examination, of caseine 
lactie acid, lactose, fat and lactic acid bacteria; it is evidently nothing 


1) Annales de l’Institut Pasteur. T. 16. p. 65, 1902. 

2) Masson et GricoRoFF, Revue medicale de la Suisse romande 1905 p. 716. 
BERTRAND et WeIswEILLer, Action du ferment Bulgare sur le lait. Ann. de l’Institut 
Pasteur, T. 20, p. 977, 1906. 

3) For Kephir and Koumys see Weısmann in Larar Technische Mykologie. Bd.2. 
p. 128. 1905. 

4) Centralblatt für Bacteriologie, 2te Abt. Bd. 15, p. 577, 1906. 

5) The study of literature leads at first view to a quite other result, as many 
microbiological deseriptions are made by beginners, not sufficiently acquainted with 
the properties of lactic acid ferments, and who have attributed an exaggerated 
weight to the different kinds of infections named above. 

6) On the bottle stands: Maya bulgare, Societ€ de la maya bulgare, GARNIER 
& Co., Paris, 16 Rue Popincourt. The SocietE de Pury, Montreux, brings into 
commerce a ferment of the same nature under the name of “maya bacilline”, 
anıl the Societ6 Hennegere, Geneva, a liquid preparation as “lacticose”. Besides 
there are to be had in Paris Lactobacilline de Mercanıkorr in “Le Ferment”, 
Fournisseur de l’Assistance publique, 77 Rue Denfert-Rochereau, who sells also, the 
“Biolactyle”’ of FouRNIER and the *“Bacilline paralactique” of Tıssıer (the preparations 
of this firm make a very good impression). 
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else but yoghurt evaporated at low temperature, perhaps in the 
vacuum. As to the preparation of the “yoghurt” itself by means of 
this ferment, it is done as follows and gives good results. 

Milk is evaporated to half its volume, cooled to a (not nearer 
indicated) temperature, for which 1 took 40°, as 45° proved too 
high and 37° too low, and on a quantity of 250 c.c., so much 
ferment is strewn as can be put in a little spoon distributed with the 
flacon containing the maya. After 6 hours already the eurdling of 
the milk becomes perceptible, after 24 hours I titrated 12 c.c. and 
after 3X 24 hours 20 to 23 ce.c. of normal lactie acid per 100 c.c. 
of the evaporated milk, which by that time is changed into yoghurt. 

As a titer of 10 c.c. corresponds to 0.9 °/, of lactie acid, the 
titer 20 corresponds to somewhat less than 2°/, of the vanished 
milk sugar. Supposing that the evaporated milk contains about 9.6 °/, 
of milksugar it follows that 7°/, of milksugar has remained un- 
decomposed. The caseine is of course curdled and the whole has 
changed into a solid but soft, sweet tasting mass. 

The evaporation of tne milk is not necessary, but when prepared 
from ordinary milk, the yoghurt remains more liquid, and as the 
acid formation is equally strong as in evaporated material, there 
remains about 2.5°/, of the original 4.8°/, milksugar, so that 
in this case the taste is much less sweet. 

If in tle said way yoghurt has been prepared in the presence of 
air and is re-inoculated into a new quantity of milk, then the result 
is yoghurt of the same acidity as the first time. But after 3 or 4 trans- 
ferrings diffieulties arise and only with great quantities of infeetion 
material further souring can be obtained. The experiment succeeded 
much better when the yoghurt was prepared in a quite filled stop- 
pered bottle; the transferring can then be longer continued, but I 
do not know whether this will do in the long run. Evidently the 
dificulty here, too, is the right choice of oxygen pressure, whereby 
the inferred lactie acid bacteria preserve their properties unchanged; 
and this diffieulty is still increased by the presence of two different 
forms, with unequal optima as to temperature, and probably as to 
oxygen pressure also. 

One of these forms is again a Lactococeus, the other a Lactobacillus. 

The former deviates somewhat from the common Lactococceus, in 
as much as it is more extended, reminding of short rods, and further- 
more by possessing a higher optimum as to the temperature whereby 
the growth is quickest, which optimum proves nearer to 37° than 
to 30° C. Hence, this form is as it were a transition toa Lactobacillus. 
Isolation on milk agarplates was very easy, even at 30° ©. 
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As to the second species, the Lactobacillus proper of yoghurt, 
it was troublesome to grow its colonies on milk agar plates, but 
on malt extract agar it was more easily obtained. In literature 
it has been named Bacillus Massol by Gri6oRoFF, but I think that 
name superfluous as the characters correspond fairly well with those 
of the kephir bacilli which also oceur in our country ; for instance, 
as has been observed before, in yeast and buttermilk. Sown in 
slightly soured milk this Zactobacillus can produce the strong acid 
mentioned above, without the help of other bacteria. Evolution of 
carbonie acid does not take place and the product has a very pure 
taste, although a beginning of fat cleavage seems inevitable at such 
a high amount of acid. 

METCHNIKOFF ascribes a very favourable influence to the use of 
yoghurt, as it diminishes the phenomena of autointoxication starting 
from the intestinal canal, and he explains this effect by accepting 
that the Zactobacillus, after passing the stomach, eontinues active 
in the intestine, and checks') the formation of the obnoxious products 
which derive from other bacteria species. I do not doubt but: this 
may be brought about by the lactie acid, but I think it highly impro- 
bable that the presence of the lactie acid bacteria from the yoghurt 
themselves should be required in tbe intestine. I think this conclusion 
is necessary, first because, without the use of yoghurt or other soured 
milk preparations, there occur in the intestine lactie acid ferments 
of different species, and second, because the conditions for lactie acid 
formation by the active ferments are wanting or must at least be 
very unfavourable there. 

As to the first point I refer to the following experiments. 

If sterile milk is infected with faeces of different origin (man, 
cattle) and treated as described for the elective culture of Zactococeus, 
without access of air and repeatedly reinoculated at a temperature 
between 23° to 26° C., the said genus of microbes is indeed obtained 
by which as good cream souring can be obtained as with the pure 
cultures prepared in the before described way. 

If sterile milk is infeeted in a corresponding way and exposed 
to the conditions wanted for Zactobacillus, that is, if ceultivated in 
absence of air at 40 to 45°C., a fermentation of eoli will first arise 
and later or simultaneously a butyric acid and no lactie acid fermen- 


1) Quelques remarques sur le lait aigri. Remy, Paris, 1907. In this paper Mrrcunikorr 
gives many assertions but no decisive experiments. Besides, his bacteriological 
elucidation, p. 26, is not clear. The elaborate and interesting work of Dr. A. ComBE, 
L’autointoxication intestinale, Paris 1907, is neither quite convincing from a miero- 


biological point of view. 
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tation, which latter would inevitably arise if the lactie acid ferments 
were present in a rather considerable number. Only by repeated 
transferences Lactobacillus is produced, which after some inoculations 
forms 10 to 13 ce.c. of normal acid. 

Hence, there is no doubt as to the presence of Lactobacillus and 
Lactococcus in normal faeces. They are, however rare, and belong 
by no means to the intestinal flora proper, like coli, but to the 
accidental flora, which eonsists of all that is introduced and is able 
to pass the stomach and intestines alive, without multiplying. There 
seems to be no cause to attribute any important influence to this fact. 

As to the second point, why in the intestinal canal the conditions 
for tbe growth of the active lactic acid ferments are wanting, it is 
that in the contents of the intestines an alcalie reaction exists, and 
that the sugars which are formed or introduced there, in as much 
as they are not absorbed by the intestinal wall, will surely be 
attacked by coli, which in these eircumstances is the stronger and 
dispels all competitors. 

Why coli (and aörogenes) so completely defeat the lactie acid 
ferments, should, to my opinion, be explained by the important 
fact, not suffieiently considered in literature, that the first men- 
tioned species can quite well live on peptone only, and multiply at 
its expense, while the active lactic ferments completely lack this 
faculty and, beside peptone, require a carbonhydrate for food. 

If, moreover, it is borne in mind that coli in the presence of a 
carbonhydrate can also feed on other sources of nitrogen than pep- 
tone, for exaınple on amines and ammonium salts, whereas the active 
lactic acid ferments cannot, and decidedly want peptones for nitrogen 
food, it is clear that for the different forms of coli practically every 
where in the intestinal contents a good feeding material is present, 
and that in the few localities where it-would also be sufficient for 
the lactie acid ferments, it will be seized upon by coli. Where 
only peptones occur, col will.moreover increase the already alcalic 
reaction of the contents and thus, not for itself but for the lactie 
acid ferments, render the conditions of life more unfavourable. 

Hence it seems evident why in the intestinal canal a coliflora can 
exist but no lactie acid flora. 

The yellow coloured faeces of babies during the lactation period 
may be alleged to support this view. They consist microscopically 
alınost solely of bacteria, for far the greater part of common coli- 
bacteria '), among which there oceur real lactic acid ferments, but 


1) For different children not always the same varieties; sometimes, for instance 
non-fermenting forms reminding of Lactobacillus, for which I before indeed took 
such bacteria. 
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as in the case described before in quite an inferior number. This 
fact acquires a special significance when we consider that EscHErich, 
the discoverer of the colibacillus, has proved that this condition exists 
directly behind the baby’s stomach, where coli and aörogenes are 
predominant which, in reference to the preceding, necessitates the 
conelusion that even at those portions of the intestines where a 
laetie acid flora should first be looked for, it is evidently unable to 
sustain itself. 

There is no doubt but here too, the strongly disinfecting action 
of the stomachal hydrochlorie acid plays a part, as this acid, at a 
much lower titer than the lactie acid checks the growth of the lactie 
acid ferments, but hence can be neutralised by much less alcalı, 
which is not indifferent to coli, which produces alcali. 

In so far as the theory of METcHnIKoFF and CoMBE is right, after 
which yoghurt or other sour milk preparations counteract the auto- 
intoxication from the intestinal canal, it seems certain that here 
should more be thought of the influence of a milk diet and the free 
acid taken up with the milk, than of a specific intestinal flora. But 
in how far the apparently proved decrease of indol and phenol, 
whose quantity is considered as determining the degree of auto- 
intoxication, deviates, at a nutrition with soured milk preparations 
instead of meat, from this decrease when non-soured milk is used, 
— to my opinion the real core of the question, — has not been 
considered by the said authors. 

Admitting that the soured preparations really deserve to be 
preferred, I think that especially in Holland, it must be possible 
with good buttermilk in as simple a way to reach the wished for 
end, as with the various exotie ferments, whose descriptions give 
the impression that the preparators are but imperfectly acquainted 
with the general phenomena of the lactie acid fermentation in milk. 

Although J see no fundamental difference between the use of 
buttermilk and yoghurt, it is certain that the latter may be prepared 
in a very simple way under medical control, and hence, to my 
meaning, deserves to be recommended in certain cases. 

Summarising the preceding I come to the following conclusion. 

In milk three chief forms of ‚lactic acid fermentation, determined 
by temperature, are to be distinguished, namely at very low tempe- 
‚rature, the slimy lactie acid fermentation; at a middle temperature 
the common lactie acid fermentation caused by Lactococcus; and at 
higher temperature the lactie acid fermentation by Lactobacillus. 

The elective eulture of the microbes of the slimy fermentation, 
suceeeds by eultivating baker’s yeast in absence of air re 15° 
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and 18° C. in malt extract and transferring to boiled milk or whey 
at a somewhat higher temperature. The acidity obtained remains low 
and amounts to 3 to 5 ce.c. of normal acid per 100 c.c. of milk. 

The elective culture of Zactococeus takes place by allowing milk 
to sour in a stoppered bottle at 20° to 25° C. and transfer it 
repeatedly to boiled milk at that temperature. The thereby obtained 
stocks of Lactococcus lactıs are mostly ana&robic but specifically not 
to be distinguished from the more aörobic forms which may be 
produced by the same experiment. The acid mostly remains at about 
8 c.c. of normal acid per 100 c.c. of milk, but may become 10 to 
12 48C; 

The elective culture of Lactobacillus succeeds best by cultivating 
buttermilk in absence of air at 37° to 40° ©. and inoculating it into 
boiled milk, at 30° C. and higher, the acidity can rise from 18 to 
25 e.c. of normal acid per 100 e.c. of milk. 

The active lactie acid ferments are very variable; as factors of 
hereditary constant variation are recognised cultivation at too high 
or too low oxygen pressure, and cultivation at a temperature above 
the optimum of growth. 

Lactie acid ferments do not lack in the intestinal flora, but play 
there an inferior part. 

A considerable difference between Eastern and Western lactie acid 
ferments does not exist. 

Yoghurt and other such like sour milk preparations deserve the 
attention of hygienists. 


Chemistry. — “On the course of the plaitpoint line and of the 
spinodal lines, also for the case, that the mutual attraction of 
the molecules of one of the components of a binary mixture 
of normal substances is slight”, by Mr. J. J. van Laar. (Com- 
municated by Prof. H. A. LorENTz). 


(Communicated in the meeting of April 26, 1907). 


1. In the latest volume of These Proceedings ') Dr. Kresom (also 
in conjunction with Prof. KAMERLINGH ONNEs) stated some important 
results, inter alia concerning his investigation on the special case that 
one, 0.8. a,, of the two quantities a, and a, is very small; which is 


!) KAMERLInGH Onnes and Kersom, These Proc., Dec. 29, 1906, p. 501— 508 [On 
the gas phase sinking in the liquid phase etc. (Comm. 965)]; Keesom, Ibid. p. 
508—511 [On the conditions for the sinking etc. (Comm. 96c)]; Keeson, Ibid: 
March 28, 1907, p. 660—664 (Comm. 96c continued); KAMERLINGH OnnEs and 
Kresom, Ibid. of April 25, 1907, p. 786—798 |The case that one component is 
a gas without cohesion etc. (Suppl. N. 15)]. 
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realised, among others, for mixtures of He(a,) and H, (a,). In these 
papers, particularly in the last, a particular kind of plaitpoint line 
has been repeatedly mentioned, viz. one passing from the critical 
temperature 7‘, called “third” by me (Kexsom’s 7), to the highest 
of the two critical temperatures 7, (Krusow’s 7). 

Now the theoretical possibility of such a course of the plaitpoint 
line, i.e. of one of its two branches, has been first brought to light 
by me in a series of Discussions on this subject"). Not only for the 
special case d, = b,, for which among others, fig. 1 of June 21, 1905 
holds, but for all possible cases (see specially Teyrer I and II). We 
found that such a course will always be found, when the ratio of 


T 
the two critical temperatures # = = is larger than the value of this 


ratio, for which the plaitpoint line has a double point. This type was 
called type I by me. (see also fig. 1 of Oct. 25, 1906). 

The case that a plait starts from (©, to C,, or also at the same 
time from C, to (C, (when there is a minimum temperature in the 
plaitpoint line) is not new (see K. OÖ. and Knesom, p. 788 below), 
but has been before described and calculated by me in all particulars. 

The double point in the plaitpoint line, discovered by me in 1905 
(June 21), did not only give the key to the possibility of such a 
course, which had already been ascertained for mixtures of water 
and ethber, of ethane and methylalcohol ’); but also the connection 


1) These Proc. May 25, 1905, p. 646—657 Ibid. June 21, 1905, p. 33—48 ; Ibid. Aug 
17, 1905, p. 144—152 (Cf. also Arch. Neerl. 1905, p. 373—413); Ibid. Jan. 25, 1906, p. 
578—590 (Also Arch. Neerl. 1906, p. 924— 238) ; 1bid. Oct. 25, 1906, p. 226— 235. 
Further Arch. Teyrer (2) X, Premiere partie, p. 1—26 (1905); Ibid. Deuxieme 
partie, p. 1—54 (1906). Henceforth I shall refer to papers in these Proceedings 
by mentioning the date, to papers in the Arch. Teyrer by putting Teyrer lor I. 

2) I do not quite understand why in cases as for He+-Hz the plait considered 
is particularly called a “gasplait". With exactly the same right the two coexisting 
phases might be called liquid phases, expecially at the higher pressures in the 
neighbourhood of the point CO). With reference to water-ether, etc. we speak of a 
gas phase and a liquid phase before the three phase equilibrium is reached, le. at 
higher temperatures; and when at lower temperatures the equilibrium mentioned 
has established itself, of two liquid phases. The “gas phase” is tken determined 
by the branch plait of the original transverse plait (which latter has now the 
peculiar shape directed towards C, in the neighbourhood of the axis v0. But 
I acknowledge that this is perfectly arbitrary, it being diffieult to indicate where 
the pressure is high enough on such a plait to justify us in speaking of liquid 
phases. Would it not be better to follow here van per Waars’ terminology, and 
speak of fluid phases, and to call the two plıases liquid phases at temperatures 
where the three phase equilibrium is found ? Otherwise in this latter case — keeping 
to K. O. and Keesom’s terminology — we should have to speak ofthree coexisting 
gas phases, & rarefied one and two very dense ones, wlich latter, however, we 
should never refer to as gas phases in the perfectly identical case of water + ether. 


3* 
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of the different series of hidden plaitpoints, ete. ete., as has, inter 
alia, been indicated in Jan. 25, 1906 (ef. also Tryter II). Dr. KessoM 
does not mention that in his figure I (loe. eit. p. 794) besides the 
plaitpoint line from A„ to X, drawn there, there always exists 
also a second branch, which runs along the v-axis in the neighbour- 
hood of z=1 from the point where v=b to K, — and which 
gives rise to a three phase eqwlibrium at lower temperatures, as this 
has been explained by me. (also in Jan. 25, 1906 and TevLer II). 

The fact whether a plait extends in the way mentioned, depends 
therefore, as we said before, in the first place on the fact whether 


b, Q, a Ps 

the values of — and = (x o4=_— and a=-]} are such that 9 
b, a, R; Pı 

is larger than that value of # for which the plaitpoint line has a 


double point with given value of x. The knowledge of this double 
point, being therefore of so great importance for thedistinction of the 
different types, I have carried out in TeyYLer I the lengthy caleulations 
required for this, and drawn up the results obtained in tables. [See 
also Teyter II, where fig. 22 (p. 30) represents the results graph- 
ically]. 

Hence not the fact that Tim > 77, [with perfect justice Krksom 
says in a footnote (loc. eit. p. 794) that 77m may also be < 77, ], 
but only the fact that 9 lies above the double point value, determines 
the considered course of the plaitpoint line. (See also Oct. 25, 1906, 
where I summed up most of the results obtained by me).') 

It is true that Kresom mentions in a note (loc. cit. p. 786) that 
I have examined the plaitpoint line for the case a, —=0, but this 
statement is not quite complete, for I have not only examined such 
‚& plaitpoint line for this particular case a, —0, which I eursorily 
mentioned in a note (June 21, 1905, p. 39), but for all cases. Quali- 
tatively the plaitpoint line C, (, for the case a, — 0 is not distinguished 
in anything from that for the case a, >0 (provided it remain in 
the case of type T), hence there was no call for a special investigation 
of the form of the spinodal line and of the plait for a, —= 0, this 
having already been done tor the general case. Moreover KrksoMm 
himself considers later on the case a, small, and no longer a, —=0, 
which of course does not occur in practice. 

Also the equation of the spinodal line (for molecular quantities) : 


RT" = 2 (1—a) vYa, —b, Ya)’ +2x(vya, — b, Va)", 
!) Prof. van DER Waaus says (These Proc., March 28, 1907, p- 621), “that as yet no 


one has succeeded in giving a satisfactory explanation of the different forms (of 
plaits).”” I think I have done so to a certain degree in my papers of 1905—1906. 
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given by Kxxzsom, had already been drawn up by me (May 25, 1905, 
p- 652) in the identical form: 


RT® — 2 [.(1-) (w— BY)’ +aw-b): |, 
where a=Ya,— Va, and $ß=%, —b.. 


2. The answer to the question whether the plait extends from 
(, to C, with or without double point in the spinodal curve, i.e. 
with or without minimum plaitpoint temperature, in other words the 
answer to the question whether the plait passes from C\, to C, un- 
divided, or whether two plaits extend on the w-surface, one starting 
from (,, the other from C,, which meet at the minimum tempera- 


rn 


r 


ture — depends on the value of 9 = z (on which also 7? depends) 
ı () 
for given value of =. The condition for this I derived in 
1 

Aug. 17, 1905, p.150, and Jan. 25, 1906, p. 581. In the summer of 
1906 I caleulated the place of the minimum itself (Cf. Oct. 25, 1906, 
234, line 18—16 from the bottom), but seeing that the paper, which at 
that time had already been completed and sent to the editor of the 
Arch. Teyler, has not yet been published (it may be even some time 
before it is), I think it desirable to publish already now the caleu- 
lation in question. 

Like the calculations of KrEsoM, VERSCHAFFELT and others, it starts 
from the supposition that a and 5 do not depend on v or T, and 
that these quantities may be represented by 

% =[(l-a)ya +teVa) ; »=(l—a)b, +25, 

So in conformity with BERTHELOT and others we assume that 
a, = Va, a,. Some time ago Prof. van DER Wauus raised his voice 
against this supposition '), and it seems to me that there is really 
much to be said in favour of a, being in general not —=Va,a,. 
But as a first approximation the equation put may be accep- 
ted, the more so as also the variability of 5 with v and 7 is 
neglected. That in consequence of the assumption a,—=Vaya, the 
left region, mentioned by van DER Wars, would be compressed to 
an exceedingly small region, can: hardly be adduced as an argument 
against this supposition; vather the fact that the attractions are 
specific quantities, and that therefore &,, need not be = Vr,e,. 

For the calculation of the minimum we start from the equation 
of the spinodal curve, derived by us (loc. eit.): 


l) These Proc., March 28, 1907, p. 630—631. 
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=; [2 (1-2) (av - BY)’ +a ed). -» - ©) 


or 
als en 
b 
which with -=o „, , hbsige y passes into 
® ® a 


= = no E (1—.) (mess) (1-0 +na)o) II 


For Bu ER —=y+ta and“ are Mu —o-+ no = (l+4neo). 


u a 


Now the spinodal curve must “in 2b point, in other words: 


9f Rn 
hei and a 


when  represents the second member of (1a). The first equation 
gives: 


(1-26) (1-2)? - 22 (1-2) (1-2) no+2 (p-+2) (1-9)? -21p-+2)' (1-y)no= 0, 
when for the sake of brevity no (p+2)—=z and (l+n2) wo —=y is 


put. Bearing in mind that nw»= 
p 


2) 


z 
‚ we get for the last equation: 
+? 


(1-22) (1-2)? - —— 2(1-2) + 2 (9a) (1-9) -2(p+@)(l-y)2—=0. (a) 


The second a yields, when in (1a) the factor & is brought 


within [ ]: 
e(1-») [a-a7 — 20 (1—-2)n(p-+ | En 


++ | 20a-na +] =o, 


or 


9 [9-09] + 647 am a-n]=> 
1. @. 
a (1-2) (1—2)(1—32) + (Y+2@)’ (1—-y)(1-3y)=0.... (b) 
From (5) we solve: 
(1—y) (1—3y) 
ziide 2) ee N 
( ) (P+) as 2 (ß) 


Also from (a): 


=|- (pt) I-y° + Rt lNe+ Fre u | <a, 


(39) 
or 


1-22 [26490-942194 :0-9:- IE a, 


when for «(1—«) the value from ß is substituted. Further reduction 
yields: 


1 2=| — (pt) +2@ta)i—y)z 1-12 - "| has &) 


or 


2 (94) -y) Yz% 
ee ey 
2x (1 E y—3z | ; 
or 
2 (+) =y) l=y) — 3 (1-2) 
da): 2 Br Re (0) 
From («) and (ß) follows, as (1—2x2)’ =1— 4r(1—a): 


ll — 2: = — 


-Na-3) _ Mt [One] 
1+4 ee Eee el a 
> Va PER, (1_.)' (1-32): 
i.e. 
Mp+2)’(1—y) 
nn [a-n|a-n-30-|-0-9n0-ra-32 |. 
Arrangement according to the powers of z yields for [ ]: 
By’—y’) —62y+y) +3 +5y 4) +28 -12y) + 62%, 
or 
y’8—y) — 6yz(1+y) + 321 + 5y + 24°) — 422 +34) + 62%, 
which may be reduced to 


(y—2z)’(62°—82-+3—y), 


so that we find: 
Mpta) NW) —EE+ N) 
(1—2)'(1— 32) 
from which may be solved: 
(1—2)!(1—32)* 


EZ gg)” = 

through which + » is expressed in the two parameters y and z. 
In consequence of this (8) passes' into 

(1—2)’(1 -32)(1— 3) 
yes)" © 
from which &„ may be calculated with given values of y and z 
Then y. is also known through (2), i.e. expressed in y and z. 

Further we now find for R7,„ according to (1a): 


I — 


im (l— an) = — 


(4%) 


Ben - 1-21-82/1-39) _ (l-2)(1- 32)? y) ) 
B My - 262° —82+3—y) " My—e)(62° 8243 —y 
as no(y— )=2z and (l+na)w=y. Reduction yields: 
2a? (1— 2)*(1—3z) 
Hinz nd 


L I1=821 1 ee ade dh 
3 Te IN | 


1 
The expression between [ ] is = 2(y—z), hence, 2 being „we get: 
£ 1 


RT,— ao (1—2)*(1—32) 
d, .(y—2)(62’— 8243 —y) 


Let us express this in 7‘, the critical temperature of one com- 
ponent. (7, < T,). We find: 


DE 8 ri 8 a’y? 
En Se 
as Ba =y was put. At last we get: 
Ts rar le Ale } 
T, Spin 
Now 


e=no(p+2) ; y=(l-+ neo, 
from which we solve: 


z 


in 2 ”z 
== : = ——, 
y+% ; y+« 
hence: 
02 1 Yu 
wz= yn- ’ = ZZ —o De . . . . 
Y 5 ie (P+2) —x (5) 


Now ® and n have been expressed in y and 2,a5s (p + x)„ and x, 
had already been expressed in y and z by (2) and (3). 
As further: | 


0 


’ 


Der 


I+n=142. =: 


1 
and 


1 a Va 0 
a a | —_ 
Re 


when 4 = Bat 


2 Q, 
7 = and z=p, P=;, a anaye Blzor 
1 2 2 
3), „_Ce 
u 92. Diane p 
l+n ; 


TO RE a ee 


so that also 8 and x can be expressed in yand z. 
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Reversely we may now also think the corresponding values of 
o, x and 7, to be solved for any given pair of values of a and 6, 
though erplieitly this is impossible, so that we shall have to be 
satisfied with the set of equations from (2) to (6). 

The further discussion--of these equations, partieularly with regard 
to the branch C,A of the plaitpoint line, in connection with the 
longitudinal plait, will be found in the paper, which will shortly 
appear in the Arch. Teyler. There the course of the pressure is also 
examined, which we no further discuss here. It is only desirable to 
caleulate the data for tbe “third” critical temperature (/, viz. @, 
and 7, — not because these data are indispensable for the following 
considerations, but because KrksoM includes them in his considerations, 
and it is profitable in any case to know something concerning the 
relation = or Ie 

T 5 


1 2 


b 
Asv=b for the point C, so y=- —=1, and the equation of the 


© 
v,2-projection of the plaitpoint line (Aug.17, 1905, p. 146; Teyler 
I and II), viz. 
(1-2)?(1—20—32(1— ano) + 3p+ a) PU) 22)+ 
HU -NA—EY) _, 
a(1—«) i 
is reduced to 
1—22,—32,(1—2,)nw, =, 
1 
(1-22,)(I+na,)—32,(1—,)n = 0, 
from which follows: 


or as y=(1-+na)w,and hence w, = to 


Re (n+)—Vn’+n+1 


0 


(?) 


From this is seen that the situation of C, depends only on the 


n 


value of n or 1 +ı=7- 


The corresponding value of 7‘, is found from (la). For y=1 
we find: 
2a, 
RT, ei — To 1—:,)1—2,)’ 
1 


in which &, = and ,=nv,(P-+ 2)- 


1 
I+na, 


8 2,73 
As, = a7 I (see above), we have: 
1 


(42) 

Tyr3- 18% ©, 

T, 4y 

Hence we can immediately calculate x, and 7’, from (7) and (8) 
for any given set of values of 6 and #, or p and n. 


«(1 —e)(l —2) .....% ,. 6 48) 


3. For our case (a, small) it is now important to know, when a 
minimum occurs in the plaitpoint line (C, ©,, when not. For this 
purpose we shall derive the condition that the minimum is to appear 
exactly in the point C,. Evidently this condition will then indicate 
the limit between the two cases that there occurs a minimum in 
the neighbourhood of C, or not — in other words whether the line 
of the plaitpoint temperatures in ©, descends first and rises later 
on to T, in (,; or whether there is an immediate rise from 7, to 
T,. (We call to mind that with us 7‘, is always the highest of the 
two critical temperatures 7, and 7"). 

Now y en in the point C,, while &=1. Hence equation 
(2) passes into 

(1-2) (1-32) 81 (1-2)! 
4x 1) (62° —82+2°/,) 16(2—32)* " 
from which follows: 


„rl'= 


9 (1-2)? 
ii acc 
ea TE Te 
hence 
va, 1 (1—2)? 
—a u ee a 
Va, + p (1— 32)’ (e) 
From 
=no(p+ 2 
Be 
follows further, as ® = = re‘ Ne Hr nn and @—=1: 


Bi. n (1—2)? 


ln 
ee 


This yields: 
Ihn 83 ag? 
Pr &(2—32)’ 


or 
Da (lea) 
ee sen ae 


When we put: 
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1: 2 
ge, 
a, b, 


Me * 
an ER . (c) 


follows from (a) and (d) after some reduction, in which the sign > 
refers to the existence of a minimum in the neighbourhood of (,. 
The condition (c) found by us is quite identical with that, which 


E27, 
we derived before from the formula for r( 2) found by us 


the simple relation 


I 
(Aug. 17, 1905, p. 150 and Jan. 25, 1906, p. 580). This condition was: 
Any 
BE 
<avaıy 


de 
at C,, whereas we have now examined the branch of the plaitpoint 


1 /dT. 
With this difference, however, that we then considered T (z) 
1 0 


1 /(dTx 
line which starts from C©,, so that we have to calculate ER (Z) 
2 1 
and to derive the condition of the minimum from this. But it is 
REDNER 1 
immediately seen that it is obtained by substituting Fi for 0 and = 


for x in the above condition. 
So we find: 


ee) 


er, A ee hehe) 


And it appears immediately that (c) is identical with (c'), when 
2 ‘ 


or 


6 
we substitute — for x’ and = for 2 in (ce). 
n 


This furnishes a good test, both of the accuracy of the above 
derived formula (c), and of the condition (c'), derived by us before. 
Let us now examine what values of A and x correspond according 
to the condition (c), so that the minimum still appears exactly in (,. 
The corresponding values of z required for the calculation of 7‘, 
may be found from (a), giving: 
Vx—3 


Syayası 


(4) 


The subjoined table combines the caleulated values. We call 
attention to the fact that the minimum in the neighbourhood of C, 
can only belong to the branch (C,C, for type 1 (#4 > the double 
point value), and never to the branch (,C, for type I or III 
(8 <the double point value). For 7, > 7, being put, the minimum 
on (©,C, cannot possibly lie at C,, but it can lie in the neighbourhood 
of C.. 


A a, 3/5 131%, | 36 || 0,800 303), 2, 
Fo 1 yy, 5 235 || 0,896 2B a 
s/, 11.2 Hal 4 16 || 0,968 9,30 9,30 


That is to say: for a gas without cohesion as one of the components 
of the mixture (a, =0,x= mw) A would have to be larger than the 
limiting value ®, for a minimum to appear in the line C, ©, in the 
neighbourhood of C,. (Then 7%’, <1 would be at the same time). 
For finite values of A this cannot be satisfied, and the line GC, 
proceeds with 7, > T, without a minimum. 


For a gas with feeble cohesion, where e.g. x— \: —alı 
q, 


b, ER 
ee = must be > 1°/,,, for a minimum to appear. T)/7,is then <’ 1,19. 


1 


ur 
For He—H, x is about 175, hence «= 13,2 according to an 


estimation of Krrsom (These Proc., March 28, 1907, p. 661; Ibid. 
April 25, 1907, p. 794). To this corresponds according to formula (c) the 
limiting value 2=1,29. Now Keksom estimated (loc. eit.) this value 
at about 2 for He— H,, and 2 being > 1,29, there is a minimum 
in the plaitpoint line in the case of He —.H,. This minimum can be 
fully caleulated by the aid of the formulae (2) to (8). The value of 
7/7, is then smaller than about 1,25. 


(45) 


For <= 2'/,, A must be > °/,, and then mn < 2, Biezete, 

The larger therefore the value of a4, — the smaller in other words 
the value of x — the smaller also the limiting value of 2, above 
which a minimum is to be expected, the sooner this will therefore 
appear, and at comparatively large corresponding values of 7o/z.. 

But as we already observed in $ 1, all this refers only to the 
existence or non-existence of a minimum in the line C,C;,. That this 
line has the shape in question, depends on quite different eireumstances 
— viz., as I already showed in June 21, 1905, p. 33—48 for SER 
and further extended to the general case in later papers (particularly 
Tevrer D), it depends only on this, whether for the given value of x 
the value of 0 is found above that at which the plaitpoint line has 
a double point or not. And the eriterion for this is fig. 1 of Oct. 25, 
1906 (see also Teyrer II). If we are above the limiting line DBPAC', 
we are in the region of type I, where one of the branches of the 
plaitpoint line runs from C, to CO, (the other from A to C, —- see 
e.g. fig.1 of Juni 21, 1905 and fig. 10f Jan. 25, 1906). And below the 
limiting line we are in the region of type II (or III), where the 
branches of the plaitpoint line are (', ©, and AC,. But for all this 
consult the papers cited. 


April 1907. 


AppenDIx. After I had written the above considerations, the Con- 
tinuation of the last cited paper by K. Onses and Kersom appeared 
in These Proceedings, April 25, 1907, p. 795—798. There a condi- 
tion is derived for the appearance of a minimum plaitpoint tempera- 
ture, which is identical with that which I published Jan. 25, 1906 
(formula (3), p. 581), at which result also VERSCHAFFELT (These Proc., 
‚April 24, 1906, p. 751) arrived a month later. 

For on p. 796 K. O. and Kuzsom give the condition (see formula (2)): 


1 =3|-1+ri#8%n] 


Now in my notation “a, = '/„ (see above; I denote viz. the 
component with the smallest value of a by the index 1; Kersom 
does the reverse). Further 5z/s, = !/ı, so that the above formula 


passes into 


1 =5|- +75] 
* 3 


from which follows: 
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RE 
being my above formula (c). And concerning this we have just 
proved that it is identical with my relation and that of VERSCHAFFELT 
(Jan. and April 1906), viz. 


wurde 
— @VYa-1)' 


which is of general application, irrespective whether the branch of 
the plaitpoint line starts from C, towards C, or towards C,. As we 
already observed, this expression holds on the side of the component I, 
when d="/7z and r=r:/,, so for the branch starting from what 
is point (, with me. For C, (Kuesom’s K,) ® and x must simply 
be replaced by '/s and '/. (see above in $3). 

So in my opinion the footnote on p. 795 in the paper by K. O. 
and K. of April 25, 1907 is not accurate, for according to the above 
the conclusion of VERSCHAFFELT (and mine) does not require any 
qualification, because the formula!) given by us holds for any 
course of the plaitpoint line, irrespective of the fact whether the 
considered branch runs from C, to ©, or to G,. For the transition of 
the two types takes place gradually through the double point ofthe 
plaitpoint line, and hence the two types are analytically included 
in the same formula, so that only one expression exists for =, 
which holds equally for the two cases. And if any doubt should 
remain, this must be-removed, when from the above the identity is 
seen between the relation derived last by K. O. and K., and the 
general one of VERSCHAFFELT and me. 

It will be superfluous to observe that the so-called (homogeneous) 
“double plaitpoint” in the branch of the plaitpoint line C,C,, of 
which K. OÖ. and K. speak, is identical with the fully discussed 
minimum and with the double point in the spinodal line, and should 
not be confounded with the “double point”, found by me in the 
(whole) plaitpoint line, where the two branches of this line intersect, 
and which separates the two types I and II (or IID, the data for 
"which double point can be caleulated for the general case only with 
great diffieulty. (see Teyler ]). 


') In the footnote on p. 795 it says maximum temperature; this must of course 
be minimum temperature, 
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Astronomy. — “On periodie orbits of the type Hestia. By Dr. W. 
DE SITTer. (Communicated by Prof. J. C. Kapreyn). 


The problem, of which some particular solutions will be treated 
here, is the following. : Two material points S and J, having the 
masses 1 and u, move with uniform angular velocity n’—=1 in 
eircles in one and the same plane round their centre of gravity. 
The constant distance S.J/ is adopted as unit of length. Another 
material point /, with an infinitely small mass, moves in the same 
plane under the influence of the Newtonian attractions of S and J. 
This is the problem which has (for u — 0.1) been so exhaustively 
treated by Darwın in Vol. XXI of the Acta Mathematica. The parti- 
cular solutions which are treated below are tliose in which the orbit 
of P is periodie and its limit for Lim. u —0 is an ellipse with a 
small excentrieity, described round S as a focus with a mean motion 
not differing much from 3. If this limiting orbit (i.e. the undisturbed 
orbit) is a circle, then the solution is, in Porncar#’s phraseology, of the 


an 


first sort (sorte), and its period is 7’ — 7 If the excentrieity of the 


ER 
undisturbed orbit differs from zero, the solution is of the second 
sort, and the limiting value of the period for Lim. u=0 is Lim. 
T' = 2x. These solutions of the second sort are at the same time 
of the second genus (genre) relatively to those of the first sort. 

The solutions of the first sort are the orbits of Darwın’s “Planet 
A”. This family of orbits undergoes within the range here considered 
a transition from stability to instability, which has been discussed 
by Poımncar£ in an investigation contained in the articles 383 and 
384 of his “Methodes Nouvelle” (Vol. IH, p. 355—361). The 
results there reached will be derived here by a different (and, as it 
seems to me, simpler) reasoning. 

Darwın’s work also presents an example of an orbit of the second 
sort, viz. the orbit figured by him on page 281 and designated as 
2, =—.337. Although PoimmcAr& proves the existence of solutions 
of this kind, he seems to have overlooked the fact that Darwın had 
actually computed one of them. | 

These solutions and their stability I wish to consider from the 
point of view of the general theory developed by Pomcar£ in the 
first and third volumes of the “Methodes Nouvelles”. The following 
is a summary of those general theorems, proved by PoıncAr£, which 
will be used here. They are true for every problem capable of 
being reduced to two degrees of freedom, containing one variable 
parameter, and admitting for each value of this parameter a finite 
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number of periodie solutions. It need hardly be mentioned that 
their valeney is restricted to a certain domain of the several variable 
quantities of the problem, of which it will however not be necessary 
to transgress the limits. 

A periodie solution is completely determined by the values of the 
parameter and of one constant of integration or “element”. The 
periodie solutions occur in families, the members of which are classi- 
fied according to increasing or decreasing values of the parameter. 
These families may be graphically represented by curves® (x,ß)— 0, 
where x is the parameter of the problem and #8 the determining 
element. 

The stability or instability is determined by a certain quantity «, 
which is by Pomcarf called the characteristic exponent. If the 

a 


period is 7, then values of « differing by a multiple of nn must 


be considered as identical. The following three cases are possible: 


aTpurely imaginary . . . . . the solution is stable 
Tree. A. Zere Vihssblution evenly unstable 
aT complex, with imaginary part =xi: the solution is unevenly unstable'). 


A solution having the period 7’ can as well be conceived to have 
the period 77=2T. If it is unevenly unstable with reference to 
the period 7‘, it is evenly unstable with reference to the period 7”. 

Within each family the exponent « and the period 7 vary conti- 
nuously with the parameter x. The product «7 and the differential 


do 
coefficient = ‚become equal to zero for the same values of x. The 


curve $£=0 then either has a multiple point, or is tangent to a 
line «= const. The family splits into two branches, or, which 
comes to the same thing, two families have one member in common. 
If (&,ß,) is the point representing this common member, then we 
have the following rules. 

The number of branches of the curve —0 (1.e. the number of 
families of periodic solutions) for x >x, differs by an even number 
from the number of branches for x <x.. 

The branches which part from the point (x, ß,) towards the direction 
of increasing x are alternately stable and evenly unstable’). The 


I) The names even and uneven instability have been introduced by Darwın. 
Poincar£ distinguishes them as instability of the first and second “elasse”. The 
relation of Darwın’s quantity c to the exponent z is given by the formula zT = izc. 

?) To avoid circumlocution I speak of “stable and unstable branches”, meaning 
branches whose points represent stable and unstable solutions respectively 
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same thing is true of the branches on which x deereases. The two 
branches between wbich lies the part of the line x — %, on which 
P<P,, are either both stable, or both unstable, and similarly the 
two branches enclosing the other half of the line Bene Ts 
the period of one of the branches and 7” of another, and if 7, and 
7’, are the values of these periods in the point (x, 8), then 7, and 
7’, are mutually commensurable. If 7", is their least common 
multiple, then «,7",=0. If eg. 7”,=27,, then the instability is 
even with reference to the period 7”. 

As an illustration of these general rules I may be allowed to 
mention a few of the simplest cases. 

1. The ceurve $=0 is tangent to the line —=x,. There are 
two families, springing from a common member, which come into 
existence at this value of the parameter. One of them is stable, and 
the other is evenly unstable. An example of this is presented by 
Darwın’s families 3 and ( of satellites. 

2. The eurve has a double point. Two families are “crossing” 

each other, at the same time exchanging their stability. 
3. The curve consists of one branch tangent to the line = x, 
and another branch intersecting the first in the point of contact. 
The two families which come into existence at this value of the 
parameter are botlı stable or botlı unstable. The third family, which 
exists botlı for z>x, and for x«<{z,, becomes stable if it was 
unstable and unstable if it was stable. { 

The cases 2 and 3 are the only ones occeurring in the present 
investigation. 

The proof of the above supposes that the problem can be reduced 
to the second order, so that there are only two characteristic exponents 
(+ « and —e). The choice of the parameter is determined by the 
way in which this reduetion is effected, or is conceived to be effected. 
Darwın uses the integral of Jacopı for this reduction. Consequently 
his parameter is the constant CU’ to which this integral is equal. This 
eonstant CU is a function of the two elements @ and e. The first of 
these can be replaced by the mean motion n, or by the period 
p an 
want 
means of the integral of Jacorı one of these elements, say 7), is 
eliminated. This therefore appears no longer as an arbitrary constant 
of integration, but is entirely determined by U and e. On the other 
hand © is entirely determined by Z’and e. Now Darwın’s caleulations 
show that 7 continnally increases if (/ decreases. It is therefore 
irrevelant for our purpose whether we consider ( or Tas the 

4 


In consequence of the reduction of the problem by 


Proceedings Royal Acad. Amsterdam. Vol. X. 
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parameter of the problem. The parameter which I will use here is 
T’=2T. This change from Ü’ to 7’ can also be conceived as no 
more than a simplification of language. Instead of saying: “the 
solution corresponding to the value of Ü for which the period of the 
solution of the first sort is '/, 7’ ”, Isay : “the solution corresponding 
to the value 7””. 

In Darwın’s work u has the constant value 0.1. If now we 
choose a convenient elernent $, we can conceive the curves ® (7”, $) 
to be drawn. Next imagine the same thing to be done for other 
values of u, and take u, 7’ and $ as rectangular coordinates. The 
curves 9 (7’,8) belonging to {he various values of u then produce a 
surface, every point of which represents a periodic solution. 

If, on the other hand, we take for 7’ a fixed value 7", 
considering # as the variable parameter, then we have another 
problem, also admitting families ‘of periodie solutions, which can be 
represented by curves pw (u,$)—=0. If 7’, varies these curves describe 
again the same surface The form of this surface will now be 
investigated. Its section by the plane u—=0.1 tlıen gives all periodie 
solutions of Darwın’s problem. 

The element which I will use is $=e, cos &,, where e, is the 
excentrieity and &, the longitude of the perihelion of the undisturbed 
orbit, which is the limit of the orbit of P for lim. a—0. The 
longitude &, is counted from a fixed axis which at the beginning 
of the period co-ineides with SJ. The orbit of P is not periodie 
unless @, has one of the two values O0 or x. Moreover at the begin- 
ning of the period P must be on the line SJ, i.e. there must be 
either opposition or conjunction. 

Solutions of the first sort are characterised by $=0. These solu- 
‚ tions can have any period, therefore the whole plane &=0 isa 
part of our surface. The line $=0, u—=0.1 represents Darwın’s 
family A. For a value of 7’ —=2T, which lies between 330° and 
354°, i.e. between 1.83 = and 1.97 x, this family loses its stability 
and becomes unevenly unstable. So there must be another family 
which at this point has a member in common with the family A. 
This new family must have the period 7”, and is therefore of the 
second sort. If for the sake of argument we assume the change of 
stability to take place at the value 7’ —=1.9 x, then we know of 
the branch of the curve P?=0, which represents this family, that 
for 7 < 19x it is evenly unstable and for 7” >1.9x it is stable. 

Now there are only four possible periodie solutions of the second 
sort, distinguished by the following positions of P at the beginning 
of the period : 


Vu \ . 


ee Be Me ee ee ee 
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B : P in opposition in aphelion (&, —=0, $= + 6) 


7 e 5 ee = 
B Se PR) » perihelion (@, —P, S — &,) 
C : ,„ ,„conjunetion „ perihelion ,=0;8=-+se) 
72 f 2 
() Ban un) PR) „ aphelion (@, === T, e m eu) 


With reference to rötating axes, of which the axis of . co-ineides 
with SJ, the orbits B and B’ are identical, and similarly € 


Orbit of family B or B' 
Fig. 1. 


and (”. The orbits B and B’ are of the form represented in fig. 1. 
The orbits € and (” are of the same form, rotated through 180°, 
i.e. with the double point away from J. 

The families B and D’ are stable (’ and (” are unstable. This is 
easily found by considering (he equation which determines the 
exponent a. This equation is (see Poıncar£, Acta Math. XIII, p. 134): 

4”; 7) 
na —— (n’C„—2n,n,C,3 + %’ 0) 
do,” 

Now using the variables employed by Poıncar# l.c. pages 128 
and 171, we find easily 
=—l1 Ne) el e) eu 

If further in # (i.e. the average value of the perturbing function 
over one period) we neglect the terms which contain a higher power 
of e than the second, we find 


N, 


pp = u Ke? cos € e—= 0,430, 
where & is the mean longitude of / at the beginning of the period, 
and Ä is a positive constant. 
We find thus 
4% 
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a—3ukea,tose. 
Thus, for positive values of u, a? is negative, and therefore the orbit 
is stable, when there is opposition at the beginning of the period. 

For positive values of n therefore BD’ is stable and (/C” is unstable, 
for negative values!) of a BB’ is unstable and CC” is stable. It is 
evident that, for & = 0, Band BD’ co-incide, and similarly C’and (”. The 
branch of @=0 which interseets $=0 in-the point 7” —=1.9n 
therefore represents either the family BB’ or the family CC’. In 
the first case it is stable, and therefore it must on both sides of the 
point of intersection bend round towards the right. In the other case 
it is unstable and enclöses the stable part of the line &= 0. 

Now Darwin has, for C=39.0, i.e. 7” —=1.97 x, actually com- 
puted and drawn an orbit, which shows the form of fig. 1, viz.: 
the orbit = —.337 which has already been quoted. This orbit 
thus belongs to the family 2, but it also belongs to .B’. It belongs 
to B if P ir in aphelion at the beginning of the period and in 
perihelion in fae middle of the period (being at both times in opposi- 
tion t0 JS), and to 3’ in the opposite case. The branch of the eurve 
?=0 which passes through the point 7” — 1.9 a therefore represents 
the family BB’, and not CC’. Consequently it is stable, and that 
part of the section of our surface by tlie plane a = 0.1, which lies 
to the left of the line 7”=2x, is thereby completely determined. 
This section is represented in Fig. 2. Stable families are there, and 
in the following figures, represented by heavy full lines, unevenly 
unstable families by broken lines, and evenly unstable ones by 
dotted lines. 
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We next consider the seetion of our surface by the plane u — 0. 


!) The meaning of a negative value of a is that the force emanating from J 
ıs repulsive, the force from S remaining attractive. 
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We know then that there are stable periodie solutions of: the first 
sort with an arbitrary period, and of the second sort with the period 
7=2x# and an arbitrary excentrieity. The seetion therefore consists 
of the line 5=0 and the part of the line 7’—2r between the 
points S=+1 and $5=—1. I wish, however, to confine myself 
to small values of $. This section is represented in Fig. 3. 

Next consider the section 
by a plane 7”’= 7\’ where 
19x <-T)'<2r, and the curves 
Y(ua,5)—=0 in that plane. The 
line $=0 is a. part of this 
curve. The lower part of this 
line is stable, the upper part is 
unevenly unstable. In the point 
where the transition to insta- 
bility takes place the line $=0 

Bra is intersected by the branch of 

Fig. 3. w=0 representing the family 

bb’. This family being stable, that branch must on both sides of 
the point of interseetion bend upwards, as is represented in fig. 4a. 

Consider now the section of our surface by a plane parallel to, 
and at a very small distance from, &=0. The orbits represented by 
the curves y(u, 7’) in this plane are all of the second sort. We 
can imagine these orbits to arise by a variation of a from the un- 
disturbed periodie orbit of the second sort. They then appear as 


Bl SB, 


TXaT BET, 

Fig. 4a. Fig. 4b. 
solutions of a problem, in which the parameter is u, $ being kept 
eonstant, and thus 7" (or €) now is our element. These solutions 
have been studied by Scnwarzscnmp (Astr. Nachr. 3506). For a—0 
the period is 27. For small values of u there are (for each value 
of 5) two solutions, viz. D and (U when & is positive, B’ and (” 
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when it is negative. The eurve „= 0 thus consists of two branches, 
both passing through the point u—=0, T'=2x, and there exchanging 
their stability. Since now it has already been shown ihat the stable 
branch B is, for positive values of u, situated on the left side, the 
unstable branch €’ must be on the right side. The curves are 
represented in fig. 5. 

Our surface has thus been shown to consist 
of the plane $=( and of two sheets, which 
pass through the line u=0, 7T'=2r, and 
then .deviate to the left and to the right of 
the plane 7'=2r. The points of the left- 
hand sheet represent the stable family BB', 
those of the right-hand sheet the unstable 
family CC’. This latter sheet therefore inter- 
sects the plane u=0.1 in a curve which on 
both sides of its point of intersection with 
the line S—=0 bends off towards the right. 
In this same point of intersection the family 

Fig. 5. A regains its stability, the stable part of the 
line 5=0, which represents this family, being enclosed between the 
two unstable branches of the section just considered. This state of 
things is rendered in the right-hand part of fig. 2. Also the form 
of the section of the surface by a plane 7" —= T,' > 2x, will need 
no further explanation. It is represented in fig. 45. Whether this 
right hand sheet does reach up to the plane u — 0.1, so as to pro- 
duce a real section, cannot be decided by this reasoning. If there 
is a point of intersection with the line a—=0.1, &=0, this must 
correspond to a value of 7’ exceeding 414.3 — 2.23 7, since 
for this value the family A is still unevenly unstable, as is shown 
by Darwın’s work. That the left-hand sheet does actually intersect 
the plane u—=0.1 is shown by the existence of Darwın’s orbit 
&, = — .337, belonging to the family BB’ (and also by the change 
of stability of the family A). 

Thus all results have been derived which have been found by 
PoincAr& in the “Metliodes Nouvelles”, already quoted. Naturally 
Poincar® also must leave the question, whether his results still hold 
for a = 0.1, unanswered. 

It is not uninteresting to consider the solutions B and C from the 
point of view of the theory of perturbations. This can, of course, 
not teach us anything about their stability, but it will give information 
about the form of the eurves x(u, 7)=0 and w(w&)—=0 for small 
values of a and 5. The period of the undisturbed solution is In. 


SE 
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By the perturbing influence of J this is changed f T=2r -+r. 
The conditions that the perturbed orbit shall be periodie are: 
T 7° 


BON #7 HaEN 
I m Jz t=6r +7, 


N) 0 
where A is the mean longitude of P. For the computation of the 
integrals we must use the mean motion affeeted by perturbations, 
i.e. n=3 +0. The left-hand members of these equations of condition 
are therefore functions of r and 0, and these two unknowns can 
be determined from them. 

If in these equations of condition we neglect the square and higher 
powers of e, they become 


= Zr. @r +T)u[BN +14 +1049 +2 4,0] 


67 +r=(3 +0) (27 +r) — na (2n + 1) u A, 

The upper sign in these equations must be used for the family 
CC’, the lower sign for B_B’. The sum within the {} being larger 
than 2), we find that for the family BB’ r is negative, while for 
CC” it is positive, as has also been found above. Further the first equa- 


69) 


e 3 e dr 
tion shows that the numerical value of the differential coefficient = 
u 


for the first family (BB’) decreases if w increases, while for the 
other family it increases. Thus the left-hand branch of x (u, 7’) = 0 
has its concave side towards the line 7” = 2x, and the right-hand 
branch its convex side, as is shown in fig. 3. 

In the numerical computation we must not forget that the formulas 
(1) can only be considered as approximatively true. The solution of 
the equations is easily effected by means of the tables of RunkLr, the 
argument for the determination of the different functions AG being 


computed by 


ur FL 
n—=3+60 ul — TE 
I find in this manner for the two families: 
Bau 1,83, 
2 
T 
— — + 0.29 T' —=2.58 7 
an 


These are the periods of those orbits of the two families, which 
have $=0, and which therefore co-incide with a member of the 
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family A, whose period is ’= e T’. Darwın’s computations show 


that the value of 7’ for which the families A and B co-ineide 
must lie between 1.836 x and 1,97 =. The point of co-ineidence of 
A and ( is outside the region explored by Darwin, the corresponding 
value of 7" must therefore be larger than 2.23 a. 

If in the equations (1) we take aceount-of the square of e, the 
right-hand member of the first must be multiplied by V1—e*. In 
the second A, must be replaced by 


n 
Ar Ze (3% + 814,9 + 24 4,0 +6 2) 


and !/,er must be added to the second member. Now if we take 
T’= const. then r is constant and also 6 can be taken to be constant. 
The second equation (1) then is of the form 


on Ve En 

Now we have S$’= e*, therefore (2) is approximately the equation 

Y(u,S)=0. For the family DD’ P and Q are of opposite signs, 

for CC’ they have the same sign. Thus the form of these curves 
as drawn. in the figures 4a and 4b is confirmed. ') 


Physies,. — “Contribution to the theory of binary mietures. IV.” 
By Prof. J. D. van DER Waars. 


Continued, see p. 849 vol. IX. 


THE BINODAL CURVER. 


We might think that for the determination of the binodal eurve 
- we could follow the following course. It is required for eoexistence 
that besides the temperature three other quantities are equal, i. e. 
p, g and M,w,. If we now also trace the lines on which M, u, is 
equal, we should have to seek in order to find a point of a binodal 
eurve, the points satisfying (he condition that the p, qg and M, m, 
lines passing through this point interseet in still another point of 
the field. This search, however, being exceedinely diffieult would 
give moreover no clear survey of the results. We shall, therefore 
not follow this course. Still I shall make some prefatory remarks 
on the course of this third group of lines. For it is by no means 
devoid of interest to know in which phases of a binary system the 


!) This last paragraphı has been added in the English translation. 


(57) 


moleenlar potential of one. of the two components has the same 
value. We shall call this third group of lines “potential lines”. 


THE POTENTIAL LINES. = 
dp dp 


The value of M, u, is equal to y— nr Bee by differentia- 
av dv z 
tion we find: 
dıy d 
dM,w=—rd Nr ad ia 
dv da 


or 


dM, u, =vdp — w.dg. 
If we want to know the shape of such a potential line, we must 
dv 5 . i 
know -—— for such a line, which quantity we shall represent by 
da q 


dv 5 : > 
) For the value of this quantity we find then the expression: 
(1 / Pot 


d’w d’wy 
1 Sa & 
dv da dv da? 
de)Pot Py d’ıp i 
Vz fin Er 
dv? da dv 
wlich may also be written: 
v dv 
a Lu An Pr 
da) Pot dev dv 
de da) 
\ \ 3 de f 
So there is a loeus in whose points | )—=%; and another in 
@V) Pot 
. dv : v av 
whose points |-- )=0. The former takes place when == -— 1.e. 
de) Pot ©. dia 


this loeus is the series of points in which lines drawn from the 


Y - dv N dv 
oriein touch the p-lines. On the other hand (| — )=0 if -= 
d&) Pot & dag 


5 ei) dv dv 

for the points of the spinodal eurve in which re Pr also (", 
di AR g 
‘ - L (vi 


Put 
} dw 
is equal t0 ——- 
de 
sel 
The shape of the les» —=#|) different, according as the 
di 
pP 


p-lines have the course as in the left region of the general p-figure, 
or as is the case in the middle region or in the right region. The 
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course of the p-lines being modified by the temperature, the value 
of 7 will also influence this shape. 

Let us first put a left region at a value of 7 below 7), and also 
below 77,. Then tangents may be drawn to all p-lines from the 
origin. The points of contact on the side of the small volumes then 
form a continuous series of points which begins in the point in which 
the liquid branch of the eure ?=0 intersects the 1° axis, and 
moves further and further away from this curve as it approaches 
the 2rd axis, remaining- all the time at smaller volumes than those 
of the curve mentioned. The points of contact on the side of the 
large volumes also form a continuous series of point, which starts in 


d, 
the point in which the vapour branch of the curve = .=0 interseets 
Al 


the 1% axis, and also moves' further and further away from this 
ceurve as it draws near the 2nd axis. This series of points has always 
larger volume than the curve Po So when a potential line 
passes through such a series of points it is direeted parallel to the 
V-axis. The locus of tbe points in which a potential line runs parallel 
to the A-axis, and which is found by drawing tangents from the 
crigin to the g-lines, is a curve consisting of one single branch, 
which at small volumes crosses the field from a certain point ofthe 
first axis to the point v=d5 and «—1. But the shape of this curve 
is very different, dependent on the more cr less complicated shape 
of the gq-lines. Without entering into further details we shall only 
observe, that when q-lines run as is the case in the absence of 
d’y 
da? 


=, this curve will have no point in common with the preceding 


dp 


d’ıy : 
one; but if ar —=0( exists, and interseets 
da? dv? 


—=(, the curve on 


d sd? 
which 3 =(, passes round 5 ki 


FH Pot LH a 


=0(, and twice intersects the line, 


k dv F 2 r 
on which (2) &. These two points of intersecetion are again of 
Pot 


importance for the shape of the potential lines. Then again a loop- 
potential line passes through one of these two points. In this case the 
double point is the point of interseetion on the right, and the point 
of intersection lying on the left serves then again as isolated point, 
round which a series of potential lines run in closed figures. That 
in this case the point lying on the right is the double point, is in 
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connection with this that all’potential lines terminate in the point 
v—=b and x—=1. M,u, is infinitely large on the line v—=Ö, and 
on the second axis M,wu, is negative infinite. In the point v = b and 
2—1 the value of the potential for the first component must there- 
fore be indefinite. When arriving at this point all potential lines 
touch the line v»—=b. In fig. 15 the course of the potential lines 
has been schematically represented for this case of non-miseibility in 
the liquid state. The first axis is cut or touched by the potential 


Fig. 15. 
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lines of every degree. M ıw = — » for v=o. Ifv deereases, M, ı, 
increases till the potential has reached a highest value in the point 


d - 
of maximum pressure (2= 0) With further deerease of » the 
av 
potential diminishes, till the final point of the unstable state is reached, 
T f 
where - is again equal to 0. There M,u, is minimum. If the point 
v -_ 


v=b is reached, Mu, =». With very large volume M u, is 
1l—. 


® 


‚in which also a function of 


approximately equal to MRT log 


T is left out, which may generally be left out in the construction 
of the -surface for definite value of 7; from this shape for M, u, 
it is seen that the portions of the potential lines which start from 
the 1° axis for large volume, may almost be considered as straight 
lines directed to the point —=1 and v—=0. If the potential line 
starts from the volume »,, the equation of the initial portion is 
v=v, (l—a). If v, should be =@, and o M ww = — &, the value 
of M,u, is negative infinite for every value of x fr v—= x, which 
it is also all along the second axis. The rule that for very large 
volumes the initial portions of the potential lines may be considered 
as straight lines already follows from the law of Darron that each 
of the components in a mixture of gases behaves as if it alone was 
present in the volume. If v»—=v,(1—a), the density of the first 
component ha$ the same value, and the quantities determined by the 
density, are the same; e.g. the pressure and the potential. If the 
eireumstances are as assumed in fig. 15, there is of couıse also a 


2 
® 
losus where Fr Fe which is again a loop-line passing through 
; A j r d 
Ihe double point of the potential lines. If the locus ae A) 
L 
q 


{ I 
does not interseet the other De ee all the potential lines have 


& 


the simple shape which they have on the left side and on the right 
side in fig. 15. 
If we suppose a left region at a value of 7 above T,, the loeus 


dv Ä ’ 
v’— &-— —=0 is subjeeted to a modification. Then the two branches 
«UV 
Pr 


. dp DR 
of a have joined, and in the same way the two branches of 
v z 


\ a T. 
this locus will join; but both lying outside an 0 the point of 
U 
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junetion will lie at larger x than the point of junetion of the branches 
dp 
of ——0. This junction must then take place in a point of inflee- 
AV 
tion of a p-line, as is immediately seen when in a p-figure the 
tangents are drawn from the origin in the eircumstances mentioned, 
in which it also appears that the point of contact tben lies on a 
p-line of maximum value. So the point of junetion mentioned is a 
point in which the tangent of a.p-line in its point of infleetion passes 
N an dv 
through the origin. From the differential equation of v — a — —0, 
Aw 
08 £ : 5 5 h ; Le 
if v is taken as function of « and », follows for this locus: 


d’v 


The potential lines of low degree have then lost the points in 
which they are directed vertically, and have then a very simple 
shape. With decreasing volume they no longer run back to smäller 
value of @. 


In the second place let us choose a region in the middie, where 
; , f ‚dp dp 

the two points of intersection of —-—=0 and ne are found. 
AR AU 


d: 
Even though the two branches of En —( remain entirely separated, 
® 


- . i dv 
this is not necessarily the case with the two branches of v--# — —=0. 


&p 
It is easy to see that the branch at the smaller volumes lies above 


], 
ey only from 2=0 to the double point of the p-lines. With 
‚V 
higher value of # it lies below it. In the same way the branch of 


1 d 
va —0 at larger volumes lies below ı only from 2=0 
Cp ® 


to x of the double point. This lower branch passes through the 
d . 

double point, and lies above = —( with greater value of x. The 
Ö 


two branches join as soon as there exists a p-line, for which the 
tangent in the point of infleetion is directed to the origin. lf at 


d nr 
minimum critical temperature tbe line 2 —() possesses a splitting 
2] 
dv 


point, the curve v»— 2 — —=0 is restrieted to the left part, and is 
day 
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closed for smaller value of x» than that of the splitting point. If, 
however, the region extends far to the right, then also the right part 


dp 3 t N N il 
of TE =( can again contain a closed part of v — 27 — 0, will 
7 op 

top at a certain value of x, and the open side at «—=1. Also for 

regions Iying entirely on the right side it remains of force that 
d dp reed 

v— 2 ——0 lies within ? — 0; so that if zu m longer 
©) dv dv 


extends over the entire width, ® 


dv 

© —— cannot extend any longer 
dı 
pP 


over the entire width either. 
If also in such middle region, and at the same time in a right 


dv 
region we examine the course of the loeus v» — 2 — , where the 


ag 
potential lines are directed horizontally, we see when consulting 


figs. 5 and 6 that the locus mentioned remains restrieted to smaller 


d 
volumes than those of the line ——0 so long as the curve 


dc 
a? ne : 
m =0 does not exist, or if it does, for all points outside this curve. 
& 
d; d? i 
If 0 cuts the curve — 0, the locus mentioned passes 
2; la 
: u ! ER 5, \ dv 
through these points of interseetion. Within E, =0O the line ann 
Lv Üüg 


1 
lies at larger volumes than those of N But then no intersection 
\ Vy 


of v — 2 =0andv—z = =0 inter se is to be expected. Hence 
Lg u op 

there is no question Öf a loop-potential line. The result would have 
been perfectly different, if we had also examined the course of M, ER 
But this may be considered superfluous, now that we know the 
course of the g-lines, so of M,u, — M, u, and of M, u,. This by no 
means exhausts the properties of the course of the potential lines, 
but as we are not going to avail ourselves of this third group of 
lines for the determination of the binodal line, I think that it will 
suffice to mention the above properties. 

For the determination of the course of the binodal line we shall 
make use ‚of the equation of p: 97, viz.: 

IM u, =vdp — adg. 

But first some preliminary remarks. Among all the lines to be discussed 

in a theory of mixtures the isobars and the binodal lines are to be 
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considered as the most important ones, because they can be the 
subject of experimental investigation. Theugh it is necessary for a 
clear insight that for a simple substancee we know that below certain 
temperature the isotherm possesses unstable parts, and that we can 
indicate the limits of these unstable parts, yet the determination of 
the points of coexisting equilibrium is of the greatest importance 
for the experiment. In the same way it is, indeed necessary for a 
clear insight into a binary mixture that the existence of the unstable 
phases. and their limits are known, so the spinodal curve; but 
the knowledge of the binodal line is of still more importance, and 
to determine the latter must be taken as the final end of all con- 
siderations, because it can constitute the subject of experimental 
investigation, and the results derived from our considerations can 
only be tested by experience in so far as they refer to the binodal 
line. If we are to admit an exception to this rule, this applies to 
the plaitpoints to whose existencee could be coneluded without an 
examination of the binodal curve being necessary. But moreover, it 
deserves attention that not even the whole of the binodal line can 
be realised by the experiment. The binodal line can possess portions 
lying in the unstable region, and others which are metastable. This 
has already been observed in the Theorie Moleeulaire (Cont. p. 14), 
but appears in an ampler and more complete measure from the 
diagrams oceurring in These Proc. March and June 1905. At the 
same time it appears there how very complicated the binodal line 
can be, when the spinodal curve hardly deviates from the usual 
shape. Hence if the more or less complexity of a plait is to be judged 
according to its spinodal curve or according to its binodal curve, a 
very different opinion will be arrived at. 

Thus paying attention to the properties of the binodal curve I 
have been able to speak of a main plait and a branch plait in 
the last eited paper. In the same way, regarding only the binodal 
line and its nodal lines, we may speak of a transverse plait and a 
longitudinal plait, whereas, regarding only the spinodal curve, we 
shall have to consider these two as one single plait. However, to 
prevent confusion, it is desirable to follow one and the same termi- 
nology. At the moment it seems most desirable to me to consider 
particularly the spinodal curve when choosing the name, leaving 
that part out of account that may also sometimes exist, but which 
then eneloses the concave-concave part of the w-surface. If no plait- 
point exists on the spinodal curve, or only one and then a reali- 
sable one, such a plait might be called a normal one. If besides 
there are a couple of heterogeneous plaitpoints found, we 
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might speak of an abnormal, or as I did in preceding pages of this 
communication, of a complex plait. If the spinodal eurve has split 
up at certain value of 7, which may take place in consequence of 
dp } t ’ ; : 
the curve as —=0 having split up, there are two plaits, one of which 
might be called the right plait, and the other the left plait. If it 
has split up in consequence of a separation between the eurves 
Gi 0 and Eu 0, we might distinguish the two plaits by the names 
“transverse plait and longitudinal plait”. Every time that the sepa- 
ration into two plaits takes place, two homogemeous plaitpoints make 
their appearance. With transition of a normal plait to acomplex one 
a couple of heterogeneous plaitpoints appear. If then we wish to 
pay attention to properties of the binodal eurve, other names might 
be thought desirable, but then it would be adtisable to state dis- 
tinetly that this is done to call attention to the special shape of the 
binodal line. 

The equation d Mu, = vdp—rdg simplities for a simple substance 
to dM u, =vdp, and may be considered in this form to lead to the 
construction for the point of eoexistence. This construction can be 
carried out directly if as axes a p-axis and a MT u,-axis is chosen, 
in which case we get a curve intersecting itself (Cont. II p. 4 fig. 1), 
or we can choose as axes a v-axis and a p-axis, and apply the 
law of Maxwenn. In the latter case we think d Mu, =vdp writ- 
ten in the form: d Mu, = d(po)—pdv, the integral of which is 

b 


(A1,0,) — (Mu, )a = (pe) — (po)a — (pi. For coexistence we must 
da 


have (M u,), = (M,r,)a, and Pa= PM PCoer, 80 that we get: 
1 
Pl —vı) = I pdv. 
Va 


For a binary mixture we get for the determination of evexistence, 
so for the determination of the’ points of the binodal curve, the same 
simple equation : 

dM u, = vdp, 
when following the series of points for which dq=0 and so a 
q-line, in the execution of the construction. 


Let us assume that we wish to apply Maxweur’s law. Then fol- 
lowing a q-line, we draw the value of p al every value of v, and 
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seek how many times a straight line may be drawn parallel to the 
b 


v-axis, so that P(v—— va) = pdv. If this can take place only once, 


a 

the extremities of this straight line indicate the value of v of the 
phases coexisting with each other, and the distance of this straight 
line above the v-axis the value of the pressure for this pair of coexist- 
ing phases, and the chosen g-line cuts then no other branches of 
the binodal line. This may take place several times, when the chosen 
g-line passes 4 times through the binodal curve, or when there are 
6 points of the binvodal curve on the chosen g-line. To ascertain 
whether this can take place O times, or 1, 2 or more times, we have 
to pay attention in the first and foremost place whether or not the 
chosen g-line intersects the spinodal curve, and if it does, how many 
times. For every time when a g-line cuts the spinodal curve, there 
is either maximum pressure or minimum pressure for the points of 
this g-line. In the points of the spinodal curve a p-line touches the 
chosen g-line, and one and the same p-line, having either larger or 
smaller value than the p-line which touches, will pass through two 
points lying on either side of the spinodal line. Thus in fig. 7 (p. 738) 
there is maximum pressure in point 4 of the g,-line, and minimum 
pressure in point 2, but for larger volume than that of point 4 the 
pressure is always smaller than in 4, and the smaller as v is larger, 
and in points of the same g-line in which v is smaller, the pressure 
is always larger tlıan in 2, and the larger as we follow the g,-line 
to its initial point, where p=». If we now construe » as function 
of v, the p-line has a shape similar to that of an ordinary isotherm. 
For v=»,u=0(, there is a maximum and a minimum pressure, 
and for v=b, p=mw. Maxwrur’s rule may then be applied, but 
only once. 

So this g,-line will possess two points of the binodal curve. In 
fig. 7 this will be the case for every g-line. For the line g=w, or 
for the first substanee we find the coexisting phases of that substance, 
and for g=— » or for the second substance, the coexisting phases 
of the second substance. If starting from a certain point of the v,‚w- 
diagram we draw both the p-curves as function of v, viz. the p-curve 
when we follow the g-line which passes through the chosen point, 
and the p-curve when we remain at constant value of &, then the 
Juad curve has always greater value of p than the first for all values 
of v» smaller than that of the point chosen. Thus in fig. 7 the pressure 
in a point lying more to the left to which the g-line moves is smaller 
than is the case for constant value of x at the same value of v. 

5 

Proceedings Royal Acad. Amsterdam. Vol. X. 


(66 ) 


Now let the point from which we start be the point of the binodal 
curve Iying on the vapour side. Then, if we apply Maxweur’s rule 
to the two curves, it follows from the eircumstance that pis always 
larger for the curve at constant x, in the first place that MaxweLr’s 
line for this p-curve lies higher than that for the p-curve when we 
follow the g-line, and in the second ‚place that on the vapour side 
the binodal curve for given « always lies at larger volumes than 
the vapour volumes would be when every mixture was to be con- 
sidered as homogeneous. In the same way on the liquid side at 
smaller volumes. Just as the binodal line lies outside the line 
dp 


ne 0, the binodal line lies outside the phases which would eoexist 
® 


if every mixture should behave as a simple substance. Properties 
which also immediately follow from the w-surface. 

In fig. 7b only g-lines of lower degree intersect the spinodal 
curve. The g-line of the highest degree which still has points in 
common with the spinodal curve, which points are coinciding points 
is that passing through the plaitpoint. When we follow this g-line 
maximum and minimum pressure will have coineided, and drawing 
p as function of v, we get a line which has an horizontal tangent 
in the plaitpoint, and at the same time a point of infleetion, “just 
as an ordinary isotherm in the critical point. This is a remark 
which always. holds for a plaitpoint, also for a hidden plaitpoint ; 


ER; dp FTP 
but then the special point in the p-line where (= )Jand(—I is 
dv q dv? q 


equal to 0, lies on the unstable branch. There is a third possibility 
for the situation of this special point, viz. that it lies on what we 
might call the liquid branch of the p-line, as will presently appear. 
Let us now consider the case of fig. 8, and let us choose there 

a q-line which interseets the spinodal curve 4 times; as is the case 
with one of the g-lines drawn. If starting at large volume we 
. follow this g-line, we meet, still at large volume, the spinodal line 
in a point where » has a maximum value; in the second point 
where the g-line leaves the unstable region for the first time, there 
is maximum pressure. In the third point where this q-line enters 
the unstable region again, there is again maximum pressure, and in 
the fourth point when the unstable region is finally left there is 
again minimum pressure. Now to draw P properly as function of 


d 
v, we must know the value of 2) Now: 
VO 
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which equation may be written in the following form: 


d’y d’wy dw \? 

dp\ _ dv? da? &) 
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d, . 
From this form we see that (&) is positive in the unstable region 
Ü 
q 


2 2 


N an ve. 
only when —— is positive. If ER 


negative in the unstable region, and when the q-line intersects the 


dp\ 
is negative, then | — |) is again 
dv )g 


a? d 
curve = 0, (%) —o. In fig. 16 the course of p as function 
(ä q 


of » when this g-line is followed, has been schematically represented. 


Fig. 16. 


Now we have to examine how many points of the binodal line 
lie on this g-line. For this discussion I shall represent the branch 
right of point 1 by a; the branch between 1 and 2 be then the 
-branch ete. The number of times that Maxweıt’s rule can now 
be applied, is equal to the number of combinations in two of 4 
quantities. Thus branch a could be combined, not with branch 5, 
but with branches c, d and e. The branch 5 may be found combined 
with dand e. And finally branch ce with e. ‘We do not mean to 
say that the application in those 6 cases is always actually feasible. 
This will be discussed presently when we discuss other g-lines. But 
for the g-line chosen here, it is really possible to trace those 6 
MaxweLı lines. And then this g-line must cut the binodal curve 
19 times. These 12 points of intersection are to be found in fig. 17. 
In this figure the g-line has the shape of fig. 8. It interseets the 
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spinodal curve, which has also been drawn in this figure, four 
times. It has a maximum and minimum volume. Between the 


a, t b 
points of largest and smallest volume the locus Pe must be 


thought. 


Fig. 17. 


In this fig. 17 the binodal line has further been drawn, and 
on account of its intrieate shape, ıt has been several times indieated 
by the sign Din. We may consider this binodal eurve as consisting 
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of two separate parts. First that part that we might call vapour- 
liquid binodal curve. The liquid branch of this part has a regular 
course, but the vapour line branch has the well-known shape with 
two cusps. The nodal line belonging to the cusp y, has its other 
extremity in the point. y, where the liquid branch of this binodal line 
passes through the spinodal curve. In the same way the two points 
indicated by d belong together as extremities of one same nodal line. 
The remaining part of the binodal curve forms a curve closed in 
itself. For this part of the binodal curve the two heterogeneous 
plaitpoints P, and P, are in the first place ofimportance. The points 
on the right and on the left of P, lie in the stable region, the points 
on either side of P, in the unstable region. If we continue the branch 
on the right of P,, and pass through the spinodal curve in the point 
a, then to this point as an extremity of a nodal line belongs another 
point « as the other extremity of this nodal line, and there must 
again be a cusp for the binodal curve for this second point a. In 
this second point « the binodal curve returns again to higher value 
of x, and if it then meets the spinodal eurve in the point indicated 
by 3, another point ß belongs to this, at which the right branch has 
a cusp. From this point the remaining part of the binodal curve 
has only points in the unstable region, and the points Iying between 
the two points ß are extremities of nodal lines which approach each 
other and coincide in P;. 

To find the 12 points in which this g-line cuts the binodal curve, 
let us apply Maxwerr’s rule to that portion of the p-figure with the 
branches a, 5b and c, and determine the points denoted by 1. Let 
us also add the branch d, then the equality between the areas above 
and below the straight line would be disturbed, if the same straight 
line is retained, i.e. in this sense that the total amount of the areas 
above the straight line would be too large. From this follows that 
we must trace the straight line higher. For the points of the binodal 
curve which are determined by the combination of a with d, the 
pressure is, therefore, larger, while, as the figure shows, the volumes 
are both smaller than those of the corresponding points 1. The points 
determined by this combination have been indicated by 3. If we 
now also add the branch e, the pressure must again decrease. Then 
we determine the points denoted'by 2. It will presently appear that 
the pressure in 2, though it is diminished, is still larger than in 
the points 1. By means of the combination of 5 with d, both branches 
in the unstable region, we determine the points 4; and after addition 
of the branch e the points 5, which must have lower pressure than 
the points 4. Finally the combination of c with e remains. Now 
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the situation of the g-line which we have chosen, is such, that the 
branch c remains on the right of the points of three-phase-pressure. 
From this ensues that if we have construed the p-line in fig. 16 
correctly, the application of MAxweır’s rule to the combination (c, e) 
must yield a larger pressure for the points 6 than for the points 1; 
but it also follows from this that the pressure for the points 2 
(combination of a, e) lies between p, and p, — and so p, >p.- 
But not all these 12 points are realisable. Every time an unstable 
branch occurs in the combination the nodes determined by this 
combination are not to be realised. So the points 3 (combination 
a,d), the points 4 (combination db, d), and the points 5 (combination 
b,e) are not to be realised under any circumstances. Thus already 
6 of the 12 points are excluded as belonging to unstable coexisting 
equilibria. Of the remaining 6 points 2 more are excluded, if meta- 
stable states are set aside. So summarising we determine the following 
points by means of the combination put by the side of it: 


points combination 
NE et. 
2 4d,e _... „. metastable 
or a, d unstable 
n BIRR b, d unstable 
ER b, e unstable 
6. ee stable 


To construe all the points of the binodal eurve we should have 
to treat all the g-lines.in a similar way. For the first component 
(= — ») the p-line is the ordinary isotherm, in the same way for 
the second component (= + ®) the isotherm for this component. 
So with increase of the value of q such a gradual change of the 
g-line must take place that it passes from the first shape to the second. 
With very large volume these extreme shapes may be considered to 
coincide. This is also the case with all intermediate forms. The modi- 
fication remains chiefly restricted to the smaller volumes, and in the 
case of d,=b, such a conclusion would be admissible also for the 
exceedingly small volumes. So long as the g-line (see fig. 4 and fig. 8) 
is still of so low a degree that it does not even pass through the 


,d 
lowest point of —=0, the p-line has still the usual shape of an 


day 
a: 0, does a special point 


isotherm. Not before the g-line touches 


make its appearance in the unstable branch. For this point of contact 


GE) 


dp dp 3 $ EN 

a iso,but m still remains positive on the left and on the 

vg 
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right of that point. With somewhat higher a of ler 


intersected twice, and:two points may be pointed out in an p-line 
in the unstable branch where it is directed vertically. Between these 
2 points is negative. But then too the p-line has but 3 branches, 
and so Klee rule can only be applied once ; then we find only 
two points of the binodal curve, viz, a point indicating a liquid 
volume ]Jying in the left side of the figure, and a point indicating a 
vapour volume, lying much more to the right side, but still remaining 
suffieientiy on the left of the double point of {he vapour binodal 
curve. Then the g-line cuts the binodal eurve in no other points on 
the vapour side. If the value of g rises higher, a third special point 
appears again on the unstable branch of the p-line, i.e. when the 
g-line begins to have 4 points of intersection in common with the 
spinodal curve. This will be the case when it passes through the 
hidden plaitpoint P, (see fig. 17). Then it touches the spinodal curve, 


d’v d’v 
but in such a way that has the reversed sign of 
da? q da® spin 


The rule that in a plaitpoint the p-line and the g-line envelop the 
plait is, accordingly, restrieted to the realisable plaitpoints. It must 
run exactly the other way about for hidden plaitpoints. So there 


2 2 d? 
et has the reversed sign of ( =) and of e :) 
de’ da? di spin da? ) pin 


In ie third special point of the unstable branch of the p-curve 


Fig. 18. 
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dv dv 
of fig. 18. 

For q above this value tbe spinodal curve is cut in 4 points. The 
two new points of intersection lie then on the left and on the right 
of P,, and at the beginning in the neighbourhood of this point. Then 
a portion Iying in the stable region has been added to the g-line, 
from which we: derive that p is smaller in the point of interseetion 
lying on the right than that Iying on the left. Not until now has 
the p-line the shape of fig. 16, but the branch c is still very small 
then, and the pressure of point 3 of this figure only little higher 
than of point 2. From this moment'there could be question of the 
application of Maxweır’s rule to the 5 branches a, b, c, d and e, 
aud so of the determination of the 12 points of the binodal curve. 
But at the beginning not all these 12 points are real. The application 
for the eombination of the first and the last branch is certainly 
feasible, and it yields a couple of realisable points for the binodal 
eurve, and in contradiction with our result when we treated this 
combination for the g-line in fig. 17, the points defined in this way 
are not metastable but stable. No less is the application possible for 
the combination (b, d), and the two points determined then lie inthe 
unstable region, and can be represented by the points 4 of fig. 17, 
provided they are shifted nearer the point P,. The rule cannot be 
applied to the remaining 4 combinations. For the possibility of the 
application to the combinations (a, c) it is required that the length 
of branch c be such that the pressure of point 3 (fig. 19) be at least 


d d? 
(%) —0, and also (=) —=0, and then the p-curve has the shape 
q q 


Fig. 19. 


positive; and even this is not sufficient. If, namely, we have fron 
point 3 a line // v-axis, and if then the area between the branches 
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b and c and this line parallel-to the v-axis is smaller than the area 
between the branches a and db above this parallel line, Maxweur’s 
line would have to lie higher, and hence is not possible. A fortiori 
the combination (a, d), which would require a still higher value of 
the pressure of Maxweıv’s line, will be excluded. For similar reasons 
the combinations (b, e) and (c,e) must be rejected. From. this follows 
that the g-line which is of somewhat higher degree than that passing 
through P, must remain on the left side before the point « offig.1, 
and on the right side of the ridge of the vapour branch of the 
binodal line. If we continue to raise the value of g, the possibility 
of the combinations (a,c) and (a, d), begin simultaneously, i. e. when 
the pressure of the point 3, which may be considered as the top ot 
c and d, has risen so high that the Maxweu line for the combination 
(a,c) would just go through point 3. In the same way the possi- 
bility for the combinations (d, e) and (c,e) begins at the same time, 
i.e. when the pressure of point 2, which is the lowest point of the 
branches 5b and c, has descended so low, that the Maxweuu line for 
the brancbes c and e would just pass through point 2. If all these 
possibilities exist, the twelve points can be pointed out on the g-line. 

Which of these two simultaneously beginning possibilities presents 
itself first on rise of the degree of the g-line, will probably not be 
bound to a general rule. If we now follow such a g-line, beginning 
at small volume on the left side of fig. 17, we first meet point 2 
on the binodal ceurve, which proceeds regularly from left to right 
on the liquid side; then 6 and 5 follow before we pass through the 
spinodal eurve. When the g-line rises again, we meet 4 and 3, 
which have then to lie more to the right than on the gq-line, for 
which fig. 17 has been drawn. When the g-line again descends we 
first meet point I, then 6, afterwards 5 and 4, and at last on the 
vapour side the points 3, 1 and 2 in this succession. But of all 
these points only the points 2 are stable. The points 1 and 6 are 
metastable. The others are unstable. And on further rise of q we 
‘reach that special g-line which is to be considered as the principal 
one for the phenomena of coexistence, and which, with three-phase- 
equilibrium, passes through the three coexisting phases. This co- 
existence of three phases is met with when (see fig. 16) the MAxwELL 
line for the combination (a, c) is the continuation of the line for the 
combination (c, e). At the same time this line is also the Maxwer line 
for the combination (a, e). Then the points 1 and 2 or 2 and 1 coincide 
on the vapour side. On the liquid side on the left the points 2 and 6 
or 6 and 2 coineide, on the right on the liquid side the points 1 
and 6 or 6 and 1. The points 3, 4 and 5 have remained; of them 
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3 and 4 are unstable coexisting equilibrium, and 5 is metastable. 
In this case of three phase pressure the second component oceurs 
in the vapour in a greater measure than in the two liquids, in con- 
nection with the circumstances which give rise to this figure, viz. 
that the second component has higher value of 5 and lower 7’, than 
the first. In fig. 3 Cont. II, p. 11. the course of the pressure is 
represented for the vapour-liquid binodal curve for this case. 

With continued rise of the degree of q the p-curve, which entirely 
deviates from the shape of a simple isotherm for the last chosen 
values of g, must return to such a simple shape without abrupt 
changes. Thus the existence of 5 branches ceases when the g-line 
passes through P,. The branches c, d and e have then deereasing 
pressure with increasing volume. Only there is then a point where 

2 
= and 2 is equal to O on this descending branch. But with still 
higher value of g also this particularity has vanished, and we ap- 
proach to the usual shape of an isotherm. Already beforehand the g-line 


2 


d 
which above touches z=0, was not found to run back to larger 
04 


volumes in the unstable branch d'). 

If we increase the temperature to 77, a new plaitpoint P, makes 
its appearance at «—=1 and v= (vr),. With further. increase of the 
temperature the characters of the two realisable plaitpoints P, and 
P, begin to approach to each other. In fig. 17 the closed binodal 
curve belongs to P,. Above a certain temperature, which I called 
transformation temperature (These Proc. March 1905), this closed 
binodal curve passes to P,. At this transformation temperature the 
pairs of points $ and y have coincided on the spinodal curve in 
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fig. 17, and two branches of the binodal curve touch, and — 
is the same for these two branches. But for further ee 
refer to the already frequently ceited communication. We must only 
bear in mind that in the case treated here T%,< Tr, , whereas in 
the figure which I gave before for this transformation it was assumed 
that 7%,>T},. Regarding the properties of the binodal eurve we 
may then speak of a prineipal plait and of a branch plait. At much 
higher 7, P, and P, have coincided, and the binodal eurve has 
become a normal simple line. (To be continued). 

!) Strietly speaking the change of the p-line with increasing value of q is not 
a moving away from and then a return to the shape of an isotherm. It must be 
regarded as a progressive development, which proceeds in the same sense. To the 
last g-line belongs then also the infinitely large pressure along the line v=b, 


This portion is. however, not necessary for the description of the binodal curve 
at least when the plaitpoint P, exists. ; 
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Geology. — “On ore veins in the province of Limburg”. By Prof. 
A. WiIcHMAnN. 


(Communicated in the meeting of March 30, 1907.) 


In the spring of 1856 the ex-colonel of the Dutch East-Indian 
Army P. van SwiEten, at the Hague, founded-a “Mining Society for 
the Netherlands” '), which obtained the concession for the mining field 
“Marie” in the southernmost part of the province of Limburg ?), in 
order to search for coal. "After the first borings at Epen and Simpel- 
veld had remained unsuccessful, the hamlet of Bommerig?), community 
of Wittem, was taken, where on Oct. 11, 1856, a lode of ore was 
discovered of 0,80 meter thickness, at a depth of 56,20 M. and 
consisting chiefly of quartz and galena. Although it was suspected 
at once that this lode communicated with the one worked at Bleiberg 
in Belgium, situated to the SSE., yet the working of this lode was not 
taken in hand because of the great expense, involved in sinking a shaft. 
After this the Society continued its investigations in other parts of 
the mining field with insufficient results until it was dissolved after 
the available funds had been exhausted. 

It has been known for a long time that the devonian and carboni- 
ferous strata in.the environs of Aachen (Aix-la-Chapelle), extending 
mainly from the North-east to the South-west, are cleaved by faults 
directed almost perpendicularly to them and which appeared to be 
of great importance for the formation of ores '). These masses of 
ores were found sparingly in the devonian system, mostly in those, 
belonging to the carboniferous limestone and only once — it was 
thought — in those of the coal-measures, namely at Bleiberg. 


1) Nieuwe Rotterdamsche Courant, Thursday,. May 22, 1856, N’. 140. The 
foundation act dates from June 11, 1856 (Dutch State Gazette, Thursday, July 10, 
1856 NP. 162). 

2) Situated a little over a kilometer to the North-east of Epen and 2 kilometers 
south of Mechelen. 

3) Nieuwe Rotterdamsche Courant, Thursday, October 16, 1856; NP, 986. 
P. van Swieren. Rapport sur les operations de la Societ de l’union minerale 
pour la Neerlande de 1856 a i857. Annales des Travaux publ. de Belgique XVI. 

Bruxelles 1857—58 p. 266—267 PI. V. 


#) GC. Danız. Der Kohlenkalk in der Umgebung von Aachen. Zeitschr. d.D. geolog. 
Gesellsch. XLV. 1893 p. 599—683, Taf. 26. W.Scsvrz. Führer des Berg- und Hütten- 
Ingenieurs durch die Umgegend von Aachen. Aachen 1886, p. 37—41 m. Karte. 
G. D. Uyıensrock. Le sud-est du Limbourg n&erlandais. Annales de la Soe. 
geolog. de Belgique XXXII. Liege 1904—05. M. pag. 151—104., Pl. V. 

G. Drwaıgue, Essai de carte tectonique l.c. Pl. IV. 
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On the most important fault — called by UWLENBROrK the “Geul 
Valley fault” — lie the mines Fossey, near Hergenraed (Rhenish 
Prussia), Moresnet (neutral territory) and Bleiberg (Belgium). Excepting 
the contact seams, containing calamine, the ores are galena, being 
the oldest formation as usual, zinc-blende and pyrites. The vein, 
found at Bommerig more than 50 years ago in the lowest stratum 
of the productive carbon, shows that from the south-east to the 
north-west the ores seek more and more the younger strata!) and 
that the direction of the Geul valley fault begins to deviate more 
towards the north-north-west after Bleiberg. 

For years numerous borings were made in a more northern 
part of Limburg, which led to the sinking and working of some 
coal-pits. In December 1905 Mr. L. Rurren at Utrecht found on 
the dump of tlıe mine “Carl”®) some pieces of ore which he presented 
to the Mineralogical-Geological Institute at Utrecht. Further investi- 
gations, undertaken by him, showed that these ores originated from 
a vein, met when sinking the shaft, at a depth of 278 metres, but 
of which the dip and direction had not been determined. Ha 
succeeded in securing a number of pieces, belonging to private 
people. The vein has only a thieckness of 0.20 M. On the clay- 
containing salband pyrites has deposited, while the vein mass proper 
consists of calcite, developed in the cavities in the form of cıystals, 
on which sometimes also crystals of pyrites are found. Beside this 
vein ores were also found, likewise on joints of the sandstone 
of the mine “Carl”, namely pyrites, but also zine-blende, copper, 
pyrites, and galena. Moreover crysfals of caleite are always found 
and generally dolomite. 

In the mine Oranje-Nassau, near Heerlen, similar formations seem 
to occur, at any rate cerystals of calcite, covered with pyrites, are 
found here on joints. Peculiar is here the regular coalescence, 
caused by the small cubes of pyrites accumulating at the poles, then 
eontinuing themselves on the obtuse edges of the scalenohedra and 
here gradually disappearing. 

We, finally point out that while in the Stolberg distriet the veins 
of galena, pyrites, zinc-blende, and calcite are still mostly bound to 
the carboniferous limestone these minerals occur in the more western 
Worm district on joints of the carboniferous sandstone, which is 
a more recent horizon, a phenomenon which repeats itself at Heerlen. 


1) At Eupen they still occur in the devonian system. 
2) Situated at 11/, kilometers east of Heerlen. 
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Physiology. — “Nerve influence on the action of the heart. First 
communication. Genesis of the alternating pulse’ By Dr. L. 
J. J. Muskens. (Communicated by Prof. H. ZwAARDEMAKER). 


(Communicated in the meeting of April 26, 1907). 


Whereas in 1897 ') the writer has shown, that in the “pulsus 
regulariter intermittens” of the frog we have to see a result of 
slowed conduction between sinus and auricle ?), or between auricle 
and ventricle, which was later accepted by WENncKEBACH?) and recently 
proved by Mackkxzis‘) for man, the problem of the pulsus alternans 
did not profit by the application of physiology on the diseased heart. 
It is true, that already years ago Traube directed the attention on 
those types of P. A. in which the period between the weak beat, 
and the next stronger one is smaller than between the larger and 
the smaller contraction, where i.o. w. the greater contraction com- 
mences too early. But until now only ÖOEHRWALL°), W. Strauß °) and 
TRENDELENBURG ’) have gone into the analysis of allied heart-curves 
of the frog, following up the way which had led to the elucidation 
of the intermittent pulse. 

It is clear, that for this analysis we must not join those observers, 
who think that the explanation of the P. A. by inotropic influence 
amounts to something more than a simple periphrase of the fact, 
that every other pulse is weaker. For this misconception brings 
with it the additional drawkack, that it cuts off the way for all 
further analysis. 

In the alternating contraction of the ventricle we have to do not 
with a simple pathological phenomenon but rather with a general 
physiological function that makes its appearance in many circum- 
stances, which tends to appear as well in vertebrate as invertebrate 
animals under uncommon conditions. We have here to deal with 
a capacity of the cardiac muscle which enables the ventricle to go 
on with rhythmical contractions even under those abnormal conditions. 

Digitalis dyalisata, injected subeutaneously in the frog, -brings 
about after some time peculiar changes in the heart-beat, after a 


l) Geneesk. Bladen. 1897. Ae Reeks. Bo. 4. p. 77. 

2) American Journal of Physiology. Vol. I. 1898 p. 509. 

°) WenckeBachH. Nederl. Tijdschr. v. Geneesk. 1899. I. Blz. 666. 

4) Mackenxzie. Britisch. Medical Journal. 24 October 1906. 

5) OerRwaıı. Skandinavisches Arch. f. Physiologie. Bd. 8. 1898. 

6) Straup. Arch. f. experimentelle Pathologie u. Pharmakologie. B. 45. 
7) TRENDELENBURG. Arch. f. Physiologie. (Anat. u. Physiol.) 1903. p. 284. 
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cerlain period of normal contractions. In tlıe transition of the normal 
period into the period of slow contractions, regularly curves are 
recorded, which together with curves formerly published of the living 
frog-heart (loc. cit.) throw light, on one of the, at least four 
varieties of P.A. which in my opinion must be distinguished, at 
least in the physio-pathology of the frog-heart. As to the three 
other types of P.A. I think, that the way may become clear to 
explain them equally. 


First form of P. A. with equal intervals. 

The ventriele beats in regular rhythmus alternatingly stronger and 
weaker, the beginning of the weak contraction is separated by the 
same’ length of time from the preceding and following contraction 
(fig. 1). This variety was described by EnGELMAnN ') and ascribed to 
momentaneously diminished conductivity. F. B. Hormann?) has shown, 
that this form of P. A. is often dependent on slight changes of the 
frequency of the heart-beat. STRAUB proved, that this P. A. under 
influence of antiarine easily gives way to ‘“Puls-halbirung”’, which I 
often saw under influence of digitalis dyalisata. 


Second form of P. A. with retarded small contraction. 

In a former publication ®) I described an example of P.A. observed 
in the dying frog-heart, where the interval between the greater and 
smaller V, was longer than between the smaller and larger con- 
traction. There it appeared, that the auricle continued to beat regu- 
larly. By comparing the intervals A—V, preceding the greater and 
smaller eontractions, we concluded then, that the contractionwave in 
the A—V bundle, eventually in the ventricle itself, might be slowed, 
which was the cause that the V, not only came too late, but was 
also weaker. 

The supposition, that this P. A. in certain cases might depend on 
changes of conductivity within the ventriele, had right of discussion, 
although this could not be strietly proved, as is remarked by 
WENCKEBACH. For one can never with certainty conclude to a change 
of conductivity within a heart cavity (e.g. within V) if the interval 
between the contractions of two cavities (e. g. A— V)remained equal. 
But with the same certainty tbis meritorious observer is mistaken, 
when he, from the few curves (10a and 105) of EnGELMANN generalises 
to the contrary i.e. to the exelusion of a similar relation in other 


1) EmGELMAnn, Arch. f. d. ges. Physiologie. Bd. 62. 1896. p. 556 seq. 
2) Hormann. Arch. f. d. ges. Physiologie. Bd. 84. 1900. p. 165. 
3) L. J. J. Muskens. Nederl. Tijdschr. v. Geneeskunde. 1902. No. Il. Blz. 591. 
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cases. These eurves cannot be looked upon as deeiding in this point, 
because not there as in my cases, the auricle beass regularly, 
and therefore entirely different factors must be present, wbich has 
been overlooked by the writer. He appears to disregard, that in 
different lower animals, it was proved, that under influence of the 
vagus-nerve, at the same time the conductivity in one cavity can be 
improved, in others can be inhibited, which was confirmed by 
ENGELMANN, when be observed, how on the three bridges, veins- 
sinus, sinus-auricle, auricle-ventricle, independently of each other, 
conducetivity might be changed; sufficient to slıow, that only very 
direct proofs could force us to admit, that under pathological cir- 
cumstances this independence of conductivity in various parts should 
be lost. As well here, as also there, where WENCKEBACH explains 
the early smaller contraction by the quieker course of the weaker _ 
pulse-wave in the vessels, WEnckkBacH’s conclusions appear to be 
much exposed to discussion. Also his eonclusion, that there is no 
prineipal difference between P.A. with too early and retarded small 
contraction wave does not appear to be warranted by any well- 
known fact, certainly not by WENCcKEBACH’S suppositions. Sufficient 
facts can be adduced now, that here in different ways the same 
result can be arrived at. 

To my former curves of P.A. brought about by poor nutrition, 
I now can add similar curves of P.A. brought about by injection 
of digitalis dyalisata (fig. 2). 

In this case the interval Sı,—V, can easily be determined. This 
amounts to 20.6; 22.33 20.9. In every case this interval is lengthened 
where it precedes a smailer contraction; i.e. the contraction-wave, 
which culminates in a smaller V,, found more resistance on its 
way from the sinus to the ventricle and there was an undoubtable 
slowing of the conduction. 

Looking carefully at the curve, one ünds that the sinus contraetion 
preceding a weak V, shows a flattened top. By measuring the 
intervals of Si, it becomes equally clear, that the sinus does not 
contract regularly and that it is the sinus contraction that comes 
too early, that is followed by a smaller V,. Also the A, preceding 
the weak V, appears to be diminished in size. 

Although it is not the place here, to go into detail about the new 
fact, that there exists a relation between the force of the sinus and 
auricular contraction and the force of the ultimate V,, I will only 
remark, that in many simular experiments this relation was found. 
The question 'arises indeed, if in fact different parts of the three 
prineipal heart-cavities do maintain a special relationship in such a 
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way, that a completer sinus and aurieular eontraction tends to give 
rise to a completer ventrieular contraction. If so, the next problem 
appears to be, whether this relation is kept up by special muscular 
arrangements or else whether nervous and ganglionie influence may 
play a röle in it. 


Third Form of P.A. with retarded smaller contraction. 


Figure 3 is an example, where we find moreover reappearance of 
normal pulsation. Simple inspection of the pulsating heart made already 
the impression, that we had to deal with an antiperistaltic contrac- 
tion; that the contraction-wave reaching the ventricle from the auricle, 
returned again to the auricle. BRANDENBURG '), also Pan °), HERING °), 
VOLHARD ‘), and SCHMoLL ®) have observed antiperistaltic contraction, 
after the writer had long ago shown*°), that antiperistaltie contrac- 
tions are a very constant phenomenon in the sinus of the turtle-heart. 

In this case of fig. 3 we have to deal for the interpretation with 
2 possibilities, 1. we may have to do with a real extra-contraction 
of auricle and ventricle, which results only in a very small elevation 
of the lever, because of its appearing in the beginning of the diastole, 
the ventricle being in the refractory period; or secondly we have 
to do with an antiperistaltie contraction wave, which on account of 
insufficient restoration of conduction in the A—V bundle and the 
ventrieular musculature, can only give rise to a weak V,. 

Indeed, the first supposition could not be discarded if it were to be 
admitted that spontaneously under similar conditions in the frog such an 
extra-A,, followed by a very weak V, could occur; an extra-contrac- 
tion, which moreover was followed by an uncomplete compensatory 
pause. This conception is however hardly acceptable, if we take note 
of the systematical mode, in which this P. A., so to say, is prepared 
by the two abnormal contractions, which precede the very small V,,. 
Because these changes in the two ventricular contractions occur 
regularly at least in so far, as in my curves I come across similar 
cases, I think, that the other interpretation gains considerably in 
probable correetness, This supposition is therefore as follows: Under 
influence of the drug the eonducting power within the ventricle is 


1) K. Branpengurg. Arch. f. Anat. a. Physiol. Abt. 1904. Supp. p. 216. 

2) O. Pan. Deutsche Zeitschr. f. klin. Medizin. Bd. 78. 1903. p. 128. 

3) Herıne. Prrüger’s Arch. Bd. 82. p. 1. 

4) Voruarn. Zeitschr. f. klin. Medizin. 1904. Bd. 53. p. 574. 

5) Scumort, Arch. f. klin. Medizin. 1907. p. 507. 

6) Ned. Tijdschr. v. Geneesk. 1898. Deel II. Blz. 568 and Americ. Jnl. of Phy- 


siology ; Vol. I. 1898. p. 504. 
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sensibly reduced. In the first only slightly weakened V, only a 
part of the ventriecular musculature could contract as a result of 
this disturbanee of conduetion. In the following contraction of the 
ventriele the wave spreads, however more slowly than in the 
normal cases (hence the stretched form of V,) over the entire 
ventrieular museulature. As the conduction of the contraction wave 
can take place after the modern doctrine of GASKELL and EnGELMANN 
in all direetions, the contraction wave in this case winds its way 
through this lengthened V, to arrive antiperistaltically again at the 
auricle. After this only a part of the ventrieular musculature has 
regained its conducting power suffieiently and a weakened V, will 
join the antiperistaltie As. It is clear, that on account of the 
antiperistaltie contraction the wave from A to V, to A again ; from A 
returning to another limited part of V’; then again to A, etc. will 
give rise to a pulsus alternans, in this case temporarily, whereby 
the interval between the commencement of the great contraction 
and tbat of the smaller one, is smaller than that between the 
small contraction and the greater contraction. One can among the 
dyalisata-experiments recognise these cases there, where after a 
maximal toxie dose the frequency first became considerably slower, 
but finally quicker again. Whereas in the vena cava curve previously 
the pulsations of the sinus were easily visible, one does not find 
any indication of sinus contraction after, the premortal pulse accele- 
ration has set in. 

We find therefore here a form of cardiac activity, which shows 
the same particularities as the P. A. formerly described by the 
writer for the poorly nourished frog-heart (Loc. cit. 1902) of which 
however the mode of origin was quite a different one. 

The only objection, which can be adduced against this interpre- 
tation, is a theoretical one. Until now, it was looked upon as a 
dogma, that the unimpaired ventrieular musculature under no cir- 
cumstances shows the phenomena of dissociation. This dissociation 
between the different heart cavities and in every one separately, was 
explieitly described by the writer in several publications '), especially 
regarding the sinus; its significance for our understanding of nerve 
influence on the heart, was more than once urged. Although in these 
experiments and those of ENGELMANN the oceurrence of similar dis- 
sociations also of the unimpaired ventriele had to be acknowledged, 
the direet proof of its existence as far as I know, has never been 


!) Geneesk. bladen 1897. p. 75. Proceedings of the American Academy of Arts 
and Sciences 1898. Vol. XXXII. No. 71. p. 188. Americ. Jnl. of Physiol. 1898. 
p- 503 seq. Ned. Tijdschr. v. Geneesk. 1898. Deel II. Blz, 572 and 1902 Deel H. 
Blz. 583. 
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proved. Where under influence of digitalis dyalisata the tendeney 
of the cardiae musele to dissociation, as we saw above, is accen- 
tuated, there we could expect that if we combine this influence 
with the equally dissociating vagus influence, the evidence of dis- 
sociation also in the ventriele might come out. Indeed, during the 
influence of the vagus nerve on such an intoxicated heart, I found 
a curve which is apt to illustrate this dissociation. We have here 
to deal with the transition of an alternating pulse into a normal one, 
after a direct vagus stimulation and shortly after the inundation of 
the entire heart by a physiological salt solution (In the ventrieular 
curve this is visible). 

In my mind there is no doubt, that the smail elevation after the 
reduced ventrieular contraction cannot be interpreted, either as an 
auricular contraction (because nowhere in this or other tracings an 
A, of this considerable height was observed) nor as an ordinary 
extra-systole of the ventriele. In the latter case it could not be 
explained not only why here an extra systole arose, nor why the 
preceding ventricular contraction coming at the right time, was so 
exceedingly diminished in size. We have here undoubtedly to do with 
a dissociation in time of two parts of the ventrieular museulature 
(eventually also of the “Reizleitungssystem’”’) and only when after 
the pulsus alternans a not completely synchronie contraction of these 
parts has taken place, and the entire musculature comes again at the 
same time in the refractory period, normal contractions can follow. 
According to this interpretation the difference between the great and 
the small contractions of the preceding P. A. is to be ascribed to 
the fact, that only in the srrat contractions a particular part of the 
museular mass is reached by the contraction wave; whereas this 
part of the muscle is exceluded from the contraetion in the small V,,. 


Fourth form of P. A. with retarded great contraction. 

Of this type of P.A. I cannot adduce any curve met with in 
lower animals. The only specimen I have come across, is registered 
from a case of Basedow, who suffered from an exceedingly rapid 
and at the same time irregular heartbeat, It appears to me that here 
we have to deal with an automatically beating ventricle or better 
with a ventriele, in whom two divisions are beating independently, 
only every other Vs (the greater one) causing an antiperistaltie con- 
traction reaching the auriele. Comparable curves have been published 
by MackensiE ') and WENCKEBACH ?), so that its occurrence in men can 


1) Macxensır, British medical Journal, 1905, II. Gomp. fig. 12 perhaps also fig. 5. 
2) WenckesacH, Arhythmie. 1903. P. 107. 


(8) 


be donbtlessiy stated. In the latter curves no registration of the 
jugular vein was added to the ventricular eurve, so that I am not 
in the situation to suppose or deny for these curves the same origin 
as in my curve. 

All in all it seems to me, that in these curves and their analysis 
we have important arguments, which tend to prove, that from the 
physiological side more special research is needed regarding the 
conduetion within the individual divisions of the heart. For the first 
of the four deseribed types of P. A. we have shown, that from 
physiological side the cause has to be sought in changed eonductivity 
by which in the weak contractions, the contraction wave is limited 
to a part of V. For the second type of P. A. we thought we were able 
to bring direet proofs, while it became probable for the third type 
of P. A., that they are’ results of the conduetion between the sinus and 
the ventriele becoming slower; and for the third form of P. A. it 
appeared probable that the P. A. is the result of the antiperistaltie 
contraction wave, so that we had here not a quantitative, but a 
qualitative change in the conductivity. Regarding the fact which 
TRENDELENBURG staled, that by stimulating the ventricle artifieially 
the frequency of the ventrieular rhythm may become much greater 
if slowly the stimulation is quickened, before “Halbierung” of 
the heart-beat makes appearance, then if within a short period a 
great frequency is attained, it is equally to be interpreted as follows: 
that by slowly increasing frequeney the conducetivity is enabled 
to adapt itself to the great demands; so that the moment is 
delayed where ' necessarily only partial contraetions of the ventricle 
arise. Regarding the pathology, it appears to me that it is of 
importance for the knowledge of the pulsus trigeminus, discussed 
by WEnckeBAcH, that from physiological side the importance of 
dissociation of the ventriecle under certain eircumstances as also 
the importance of the antiperistaltic contraction wave has been proved. 
With the statement that partial contractions do oceur, it appears to 
me, that the necessity becomes evident, that the law of Bowditch 
has to be limited, in so far, that certainly every ventrieular muscle 
fibrre which contracts, does so with maximum force; but on the 
other hand, we have not to accept that necessarily in every ventri- 
eular eontraction all muscular bundles contract equally. 

Where we have to interprete ceurves like those of TscHIirJkW ?) 
(öited by WenckeBAch) of O. Pan’), R. FINnKELENBURG ’) and Hay 


1) Tscrmrsew. Archiv für Physiologie. 1877. 
2) O. Pan. Deutsche Zeitschrift. f. klin. Medizin. Bd. 78. 1905. p. 128. 
8) R. FinkeLengurg. Cited by WenckesacH. 1905. Heft 1 and 2. p. 586. 
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and Moore!) we should not negleet the value of these phe- 
nomena. For the absence of the compensatory pause (WENCKEBACH) 
finds in the above interpretation its complete explication. At the 
same time we can now regard Hrrıng’s opinion, that all pulsus 
bigemini should always depend on extra systoles as definitively 
rejected. 

With Funke I agree finally in this that a further discussion 
about the question, wheiher apart from the pulsus alternans also the 
existence of a pulsus bigeminus must be acknowledged, is completely 
superfluous. On the other hand it might be desirable, if the experi- 
mental results of KnoLt, and those of Hering in warmblooded animals 
about hemisystolia and heart-trigemini, should be taken up again, 
also in regard to the recent anatomical data. 

Regarding these questions three recent researches must be 
regarded as important, firstly the observations of W. EıntHoven ’), 
whose aceurate illustrations also of partial contractions, appear to 
promise a good deal for further analysis. Moreover the important 
researches of TawarA ?) in AscHaHor’s Laboratory, which has shown, 
how far the division of functions in the ventricle of the warm- and 
perhaps also of the cold-blooded animals has gone. 

Finally the observations of Mackkxzır ‘) who has shown us the 
possibility, to get information also in man about the movement of the 
auricle under pathologieal circumstances, so that we may expect 
also this field of work becoming fertile for scientific analysis. 

The next thing should be, to bring also the sinus of man under the 
scope of the graphical method. WENCKEBACH’) thinks to have reason 
to believe, that dissociation of the sinus described by me in lower 
animals °) might be observed equally in men. 

To physiology the task to examine what influences are able 
to dissociate the two prineipal bundles of the “Reizleitung’”” system 
and to get information about nerve influence as well regarding that 
system itself as upon the muscular mass of the ventricle. 


ı) Hay and Moore. Lancet 1906. p. 1274. 

2) Eıntnoven. Tijdschr. v. Geneesk. Il. No. 22. 

3) Tawara. Das Herzleitungssystem. 1906. 

4) Mackenzig. Britisch medical Jnl. 1902. Nov. p. 1411. 

5) WEncKEBACH. Arch. f. Physiologie. 1906. p. 361. 

6) American Journal of Physiology. Vol. I. 1898. No. IV. p. 503. 
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Zoology. — “On the structure of the nerve-cells in the central 
nervous system of Branchiostoma lanceolatum.’’ (First comm.) 
By Dr. J. Bowke. (Communicated by Prof. G. ©. J. VoSMAER). 


(Communicated in the meeting of April 26, 1907). 


The methods. of staining the elements of the nervous system, 
published in recent years by Ramon Y CAJAL, DoNAGGIo, and especially 
by Bırıschowsky, have enabled us to study the minute structure ot 
the ganglion-cells not only of the lower animals but also of the 
vertebrates with more success than before. After having published 
in These Proceedings, some years ago‘), the results of my former 
investigations on the structure of the nerve-cells of Branchiostoma, 
then studied by means of the goldmethod of Ararnr, it seemed ad- 
visable to deseribe here too the results of my recent investigations 
on the same subject by means of the methods mentioned above, 
because they extend and complete my former results in several 
directions. 

Contradietory to the results of Epinser ”\, the only author who 
studied the central nervous system of amphioxus by means of the 
method of BikLscHowsky, viz. that the method gave only scanty 
results for the neurofibrillae in the cells, in my preparations, stained 
after the method of Bıe1LscHowskY—-POLLACK, in a great number of 
nerve-cells of several specimens of Branchiostoma a very clear and 
distinet pieture was obtained of the neurofibrillae, not only in the 
nerve-fibres, but also in’the body of the nerve-cells. | 

Preparations of material preserved in a mixture of platinum chloride- 
_ osmie acid-acetie acid and corrosive sublimate °), and stained in thin 
seetions with iron-haematoxylin after HEIDENHAIN, were used as control 
and for the study of the protoplasmie structures between the neuro- 
fibrillae. 

The different cell-forms of the central nervous system gave there, 
where ihey were satisfactorily stained, as a rule the same mode of 
arrangement of the neurofibrillae in the cell-body ; therefore I will 
restriet myself to desceribe here only some cell-forms at length and 
only refer briefly to the structure of other cells. At another place 
I hope soon to give more and fuller details. 


I) Proceedings Roy. Akad. of Se. Amsterdam, of the meeting of Oct. 25, 1902. 

?) Anat. Anzeiger, Bd. 28, No. 17, 18, 24 April 1905. 

3) According to Dr. Leeros the best method for the preservation of the nervous 
system of Branchiostoma. I can fully agree with him in this statement. This 
mixture gives better results than all the others I tried. 
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1. As is well known, the very large nerve-cells (“Kolossalzellen””) 
lying at about equal distances from each other in the axis of the 
spinal cord, possess a thick axonic fibre, that after leaving the cell-body 
describes a characteristice curve and passes into one of the colossal 
nerve-fibres that run in a longitudinal direetion through the spinal 
cord, and a number of dendrites, springing from the cell-body at 
different points. 

Sections of these cells, stained after the method of BIELSCHOWSsKY, 
give a very clear picture of the neurofibrillar structure. In a section 
in whieh only some of the dendrites are to be seen, and not the 
axonic fibre with its “cöne d’entrance” (of which more later on) 
these cells show an arrangement of the neurofibrillae as shown in 
a 

The cell is surrounded by a glious capsule, composel of fine 
interwoven fibrillae. The preservation of the nervous system in formol, 
necessary for the BiELscHowsKY-reaction, causes the cells to shrink a 
little, so that the pericellular cavity is larger than it is in normal 
life and in well-preserved specimens. Within the cell-body the 
neurofibrillae form a very distinet and regular network. Everywhere 
they anastomose with each other, nowhere I could discover free 

running fibres. The meshes are regular, round or manysided, and 
| nearly all of about the same size. A subperipheral zone is formed, 
where the meshes are somewhat smaller and the composing neuro- 
fibrillae a little coarser. From this zone a few coarse neurofibrillae may 
be followed in the network radiating to the central zone around the 
nucleus. The nucleus itself is not coloured in these preparations, but 
is only to be seen as a clear round or oval spot in the midst of the 
darkly stained network of the neurofibrillae. There where a dendrite 
leaves the cell-body, the meshes of the network are elongated in the 
direction of the processus (fig. 1, 45, 6). In the dendrites themselves, 
at least in the coarser ones, the anastomosing of the neurofibrillae 
is to be seen still at some distance from the cell-body. In fig. 1 is 
_ drawn a section of 7 u thick. In three of the following sections, 
passing through the dendrites, whose origin is shown in fig. 1, I 
could still see the anastomosing of the composing neurofibrillae. In 
fig. 2 is drawn one of the large dendrites of a similar colossal cell 
there where it branches into two. The network of the neurofibrillae, 
several coarser (and more darkly stained) fibrillae, and the continuity 
of the network in both branches is clearly to be seen. In the finer 
dendrites the neurofibrillae seem to become isolated sooner after 
having left the cell-body (üg. I at 2). The same is to be seen in the 
smaller nerve-cells of the spinal cord (figs. 45, 6). 
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The axon of the colossal nerve-cells has a somewhat different 
strueture. As I deseribed in my former paper !), the colossal nerve- 
fibres contain a great number of closely set exceedingly fine separate 
fibrillae, which in well-preserved preparations are distributed regularly 
through the whole extent of the fibre. There where the axon enters 
the cell, this bundle of neurofibrillae may be followed some way 
into the cell-body; we see the fibres describe a curve or vortex 
around the nucleus, and then the thin fibres melt into the somewhat 
coarser network of the neurofibrillae described above. 

The smaller, mediumsized and smallest nerve-cells of Branchiostoma, 
such as those that are drawn in figg. 4, 5 and 6, at the same scale 
as the cell figured in fig. 1, show the same arrangement of the 
neurofibrillae as the colossal nerve-cells, viz. a regular network, the 
meshes elongated there where a dendrite or axon leaves the cell, 
more or less rounded in the centre of the cell-body. The subperi- 
pheral zone with finer meshes and coarser fibrillae I could not find 
here; the network seemed everywhere to be regular throughout the 
cell-body. In fig. 4a and 45 two sections through the same medium- 
sized nerve-cell are drawn. In fig. 44 the nucleus is to be seen, and 
on it a very regular network of neurofibrillae, with only one layer 
of meshes, and therefore giving a very clear idea of the regularity 
of the network. This section passes through the centre of the cell- 
body. Fig. 45 shows the peripheral , part of the same cell. The 
meshes are here more elongated in the direction of the processus, 
and in the network some fibrillae are coarser and more darkly 
stained; all of,these run in the direction of the dendrite and leave 
the cell-body there; inside the cell they form part of the general 
network ; in the dendrite they run more or less parallel to each other 
and do not anastomose any more (see page 2). The same features 
are to be seen very clearly in fig. 6, showing the neurofibrillar 
structure of another mediumsized nerve-cell lying somewhat more 
cephalad in the spinal cord. 

In fig. 5 is drawn a very small ganglion cell (magnified to the 
same scale as the foregoing figures). Here too the network of the 
neurofibrillae is easily to be seen and the meshes are of about the 
same size as in the mediumsized nerve-cells described above, though 
smaller than in the colossal ganglion cells. 

Fusiform cells, in which the neurofibrillae simply pass through 
the cell-body from one processus to the other without interruption, 
as I described them in my former paper, I was not able to find in 


1) These proceedings. Meeting of Oct. 25, 1902. 
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the preparations stained after BıeLschowskyr. Where the neurofibrillae 
were visible, they formed a network. In my preparations stained 
with chloride of gold after Ararny, which I looked over for these cells 
I however found them again. The uninterrupted course of the neuro- 
fibrillae was clearly to: be seen. They are however only very rarely 
met with. 

So we find in nearly all the cells a network of neurofibrillae 
with regular meshes. In full-grown animals the meshes in different 
cells are of about the same size. But when we examine the same 
kind of cells (for example the colossal ganglion cells) in very small 
animals, we find a neurofibrillar network of the same regularity but 
with much smaller meshes. So when we compare fig. 1, a colossal 
ganglion cell of a fullgrown Branchiostoma of 48 m.m. in length, 
with fig. 3, an analogue cell of an animal of 6 m.m. in length, we 
find a much smaller-meshed network. Those small animals have 
finished their metamorphosis already, and present nearly the same 
organisation as the adult animal. The nerve-cells therefore seem to 
have assumed already the definite arrangement of their neurofibrillar 
structure, but the meshes are much smaller. During the following 
growth of the nerve-cells the reticulum grows, but the structure 
remains the same. In different adult specimens the size of the meshes 
seemed always to be of the same order, and only to present the 
slight differences mentioned above. 

When we compare this with the neurofibrillar structure, described 
for the ganglion cells of other animals, I will here especially call 
attention to the description of Araruy for Hirudineae and Vermes, 
of BocHEnsk for Helix, of DonxasGıo, CAJAr, MICHOTTE, LEGENDRE and 
the many authors, who have studied the ganglioncells of the higher 
“ vertebrates by means of the new elective histological methods. Among 
the deseriptions by these authors of the neurofibrillar structure in 
the nerve-cells of the representatives of different classes of the animal 
kingdom, that of Branchiostoma takes just the place, we generally 
give to that animal in the animal series. Is fig. 7 is drawn a 
sensory cell of a Pontobdella, with the neurofibrillar structure stained 
after Arıruy. We sce.a very coarse network around the nucleus, 
with fibrillae radiating to the periphery and forming there a second 
network. The ganglion cells of Helix give according to BOCHENEK') 
a much finer network. The meshes of this network are still much 
larger than those of the nerve-cells of Branchiostoma; these in their 
turn are larger and the fibrillae coarser than the neurofibrillar struc- 


"1 Le Nevraxe, Vol. II, Fasc. 1. 1901. page 85. 
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ture, as it presents itself in well-stained preparations of the nerve-cells 
of the higher vertebrates (as for example in the splendid figures of 
Donaasıo). It seems that the higher is the organisation of the animal, 
and in consequence that of the nerve-cells, the finer and more regular 
is the network of the neurofibrillae in the nerve-cells. (cf. BoCHENEK). 

The network of the neurofibrillae has no definite connection with the 
protoplasma-reticulum. In preparations, preserved in a mixture of 
Hurmann’s fluid and corrosive sublimate, and stained with iron- 
haematoxylin, the protoplasma has a very fine granular or fibrillar 
structure, and in the centre of many cells are shown curious diversely- 
shaped differentiations that remind us of the pseudochromosomes 
described by HkipenHamn, and of the rings, described in the ganglion 
cells of vertebrates (Teleostei, Rana). But it would take us too far, 
to describe these details here at.some length. 

2. An entirely different type of cells we find in the nerve-cells 
which form the large group of ganglion cells Iying dorsally in the 
foremost part of the spinal cord just behind the brain ventricle, the 
so-called oblongata, extending from the niveau of the infundibular 
organ till beyond the first pigmented eye-cells. It is characteristie of 
the peculiar difficulties, with which the investigation of the histology 
of the nervous system of Branchiostoma is encumbered, that of the 
large number of authors, who have studied the subject, only JosEPH!) 
two years ago gave a nearly accurate account of the structure 
of these cells. Even Hrymans and VAN DER STRICHT in their very 
elaborate study of the histology of the nervous system of Branchi- 
ostoma, published in 1898, do not say a word about it, and only 
in one of the many beautiful drawings, with which their paper is 
illustrated, in two cells a slight indieation of it is to be seen. JoskpH 
says of these cells, that they present at the surface a finely striated 
border of minute rods, only at the side-of the cell turned towards 
the surface of the animal, and underneath this striated border a 
coarsely granular darkly staining protoplasm. The same structure 
JoszpH described in the cells lying close to the central canal in the 
spinal cord, covered by a pigment-cap, and being supposed to be 
light-percepting cells. On these grounds Jossepu put forward the 
suggestion, that the dorsal group of cells too consists of eye-cells, 
light-percepting cells, differing only from the cells of Hkssk by the 
absence of a pigmented cap-shaped cell. ü 

This far-reaching suggestion is, I think, not proved, nor even made 
probable, by the facts. Even in the most carefully prepared sections 


!) H. Josern: Ueber einige Zellstructuren im Zentralnervensystem von Amphioxus 
Verh. d. Anatom. Gesellschaft. Jena 1904. p. 16—26. 
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in which the structure of both cells was very clearly to be seen, 
the two types still present some marked differences, both in the 
nuclei and in the structure of the protoplasm and the differentiations 
on the surface of the cells. According to JoskepH the nuclei of the 
dorsal cells and of the ventral eye-cells possessed a similar granular 
structure, differing from that of the other nerve-cells. In some cases 
this is true, but in other cases the same structure is found in the 
nuclei of other cells, and, when we examine a number of prepara- 
tions, the structure of the nuclei both of the dorsal cells, of the 
ventral light-percepting cells and of the other nerve-cells presents 
so many differences and varieties, that there cannot be drawn any 
eonelusion out of that. But the capital difference between the two 
cell-forms lies in the absence of a pigmented cap-cell in the dorsal 
cells and the totally different form and structure of the two types. 

The light-percepting cells of the spinal cord possess a border of 
short minute rods, Iying close against the cap-shaped pigment cell. 
The processus of the dorsal cells are much longer, and not rods, 
but exactly shaped like hairs, or cilia. These hairs (fig. 8- 11) are 
rather long, slender and thickly set and their course is often more 
or less wavy. On the same cell they seem to be all of about the 
same length; the hairs on different cells do not vary much in length. 

The ventral light-percepting cells are all of the same regular form. 
The dorsal cells however present the most different forms. ') Some 
are rather regular (fig. 8), some are long and slender (fig. 9), some 
are of a very irregular shape, but in most cases these cells, when 
we reconstruct them from the thin sections, appear to have a very 
typical cup-shape. In fig. 10 I have drawn the median section 
through one of these cups, in which the central hole in the cell is 
figured, in fig. 11 such a cup-shaped cell is cut vertically to the 
axis of the cup. 

These cells are surrounded by a glious basket of closely interwoven 
fibres (in the figures this network is represented by a dark colour) 
and the cells seem to fill up the room left by this basket so that 
between the surface of the cell and the inside of the basket there 
remains an open space, in which the hair-like processes of the cell- 
surface are seen. In well-preserved sections this space has the same 
width on all sides of the cell, where the surface carries the hair-like 
struetures. The hairs reach from the surface of the cell nearly to 


1) Only such cells are described here, which seemed to be perfectly preserved 
All those cells, of which the irregular form seemed to be caused by bad preser- 
vation, are left out of the discussion. 
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the inside of the basket, as may be seen in the figures. There where 
no hairs are developed, the glious fibres lie close against the surface 
of the cell-protoplasm (fig. 8, 10, 11). 

Where JosepH considers the hair-like processes to be only present 
at that side of the cell which is turned towards the surface of the 
animal, I cannot agree witlı him. When we compare horizontal and 
transverse sections carefully with each other, we must draw the 
conelusion, that tbe hairs may be developed on all sides of the cell, 
except there where the cell-body sends a dendritical process through 
the glious basket. Even there where the cell is shaped like a cup 
or calix, at both sides of the cup the cilia may be present (figg. 10, 11). 
The cilia at the inside of the cup are separated from each other by 
an ingrowth of the fibres of the glious basket (fig. 10). When the 
cell is eut at right angles to the axis of the calix, this may lead to 
the appearance of a ring of protoplasm, at both sides covered with 
the hairs, and surrounding a mass of coiled-up fibres, the ingrowing 
fibres of the glious basket (fig. 11). 

The protoplasm of these cells shows a regular network of neuro- 
fibrillae, which differs from the network of the other cells of the 
spinal cord by its much larger meshes (compare figg. 8-10 with 
figg. 1—6); only at the periphery of the cell, under the hair-like 
processes, a finer network of neurofibrillae is to be seen (fig. 8). 
The hairs themselves seem to be implanted on a layer of small darkly 
staining granules or small rods, of which the definite structure is 
difieult to be seen. In many cases it is only represented by a some- 
what more coarsely granular layer of protoplasm there where the 
cell-body is covered witl the hairs. 

All these things seem to point to the conclusion that these cells 
do not possess a light-percepting function, as suggested by Joskpn. 
The shape of the cells and the peculiar structure at least are not 
favourable to the hypothesis, But it is sure, that this group of cells, 
all presenting the same peculiar structure, has a distinet and peculiar 
function. The structure of the cells reminds us in the first place of 
a static organ, and especially cells as drawn in fig. 9 and fig. 11, 
seem to suggest such a function. The peculiar baskets of fibres snr- 
rounding the cells remind us of the cells of Purkınae of the brain 
of the craniotes, but bearing in mind the very little we know about 
these cells and about the cells just deseribed, it is more advisable to 
stop at these general suggestions and not to try to g0 more into details. 
The suggestion of Josspn at all events seems to me to be untenable. 

A third type of cells differing from those which I deseribed here, 
is that of the cells of the so-called infundibular organ in the ventral 


BOEKE. On the structure of the nerve-cells in the central nervous system of Branchiostoma 
lanceolatum. (first communication). 
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wall of the brain-vesicle. These cells I mean to describe in my 
second paper. 


Leiden, 25 April ’07. 


DESCRIPTION OF FIGURES ON THE PLATE. 


All the figures are magnified 1600 times, and are drawn with a camera lucida 
of Asge directly after the preparations. Apochrom. oil-immersion lens of Zeıss and 
compens-ocular No. 8. 

Fig. 1. Colossal nerve-cell with neurofibrillar network, of a Branchiostoma of 

4.8 cM. in length (Bıerschowskv—PorrAck’s method). 

» 2. Dendrites of a similar cell of an animal of5 cM. in length (same method). 

» 3. Neurofibrillar network of a colossal nerve-cell of a Branchiostoma of 
6 mM. in length. 

„ % a and d. Sections of a medium-sized nerve-cell of the same spinal cord 
as fig. 2. 

„ 5. Section of a very small nerve-cell, with neurofibrillar network. 

„ 6. The same as in fig. 4. 

» 7. Section of a sensory cell of Pontobdella, of 10%, treated after the gold- 
method of Ararar. 

„ 8—1l. Sections through different cells of the dorsal group of cells Iying 
belind the brain-vesicle, taken from preparations of several adult 
specimens of Branchiostoma. In fig. 8 some of the adjoining cells are 
drawn, to demonstrate the similarity of structure of the nuclei in the 
two cell types. 

In fig. 10 and fig. 11 are drawn two typical sections through cup-shaped 
cells of the dorsal group of cells. The body contained in the centre 
of the cell of fig. 11 is the prolongation of the glious basket sur- 
rounding the cell. Compare fig. 10. 


Physiology. — “On a third heart sound”. By W. EıntHoven, in 
collaboration with Messrs. J. H. Wırrınsa and E. P. SnıJDers, 
assistents at the physiologieal laboratory at Leyden, 


When continuing the investigation of the heart sounds by means 
of the string galvanometer '), we noticed that in some cardiophono- 
grams, especially with the apex sounds of Wi, recorded in February 
last, shortly after the vibrations of the second sound still another 
vibration was present, which admitted of no other interpretation than 
by regarding it as a third heart sound. 

We could not at once explain how this third sound was produced, 
and we put off the closer investigation of this phenomenon, however 


1) See: Die Registrirung der menschlichen Herztöne mittels des Saitengalvano- 
meters. Prrüger’s Arch. f. d. gesammte Physiol. Vol. 117, p. 461, 1907. 
6* 
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interesting it seemed to us, since for the present our time was taken 
up by other work. 

A couple of months afterwards Dr. A. G. Gisson of Oxford — 
to whom our former publications on the recording of heart sounds were 
known, but who could not be acquainted with our later observations 
— asked whether in our collection of cardiophonograms of normal 
persons there were any in which an extra sound was visible in the 
diastolic phase. GıBson oceupied himself with an investigation of the 
venous pulse!) and lıad nouced that with some persons, without a 
morbid affeetion of the heart, a low pitched sound could be heard 
at the apex during the cardiac pause, something like a distant 24 
sound, but feebler and much lower in pitch. The sound is clear and 
nothing like a murmur. This particular sound is of varying intensity 
being louder during the interval between the end of an expiration 
and the beginning of the subsequent inspiration. 

We hope elsewhere to publish in a more extensive paper the 
cardiophonograms we obtained; here we shall only deal briefly with 
them. When we try to predicet from the shape and dimensions of 
the curves what impression the third heart sound must make on the 
ear of the observer, we cannot describe it otherwise than GIBSON 
did: a distant diastolie sound of low pitch and clear tone, varying 
in intensity, but always feeble. 

There can be no doubt that the sound, heard by Gısson at Oxford, 
is the same sound we recorded at Leyden. 

The measurements made with some cardiophonograms, show that 
with Wi the beginning of the third sound falls on the average 
0.13 sec. (varying between 0.11 and 0.15 sec.) after the beginning 
of the second sound and on the average 0.32 sec. before the beginning 
of the following first sound., In the same curves the duration of 
the first sound is about 0.08 sec., of the second about 0.05 sec., of 
the third 0.02 to 0.03 sec. The first two sounds are murmurs, com- 
posed of tones of irregular pitch. The mutual distance of some tops 
in the curves shows that we have here tones of more than a hundred 
double vibrations per second, whereas the third sound seems to be 
built up of but one double vibration, the period of which amounts 
to about 0.02 sec. 

The intensity of the third sound varies. While in some cardiae 
beats it is entirely absent, the amplitude of its vibrations reaches in 
other beats 1/7 of that of the first and second sounds. Putting the 


1) Gieson’s investigation will shortly be published in “The Lancet” under the 
title: “The significance of a hitherto undeseribed wave in the jugular pulse”. 
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ratio of the amplitudes of the first or second sound to that of the 
third a= 17, and the ratio of the frequencies 52, the ratio of the 
intensities is a’ 5°— 196. Hence the third sound is at its maximum 
still about 200 times feebler than the first or second. 

While the above given figures refer to the objective intensities, a 
comparison of the intensities of perception is still much less in favour 
of the third sound, since a tone of frequency 50 per second has 
objeetively to be a little over a hundred times stronger ') than a 
tone of 100 vibrations a second, in order to produce an equally 
strong auditory impression. Consequently, if the third sound attains 
such an intensity that it is just audible still, the first and second 
sounds may be 20.000 times weakened, before also the auditory 
impression they produce, vanishes. 

This explains the diffieulty of the investigation by the method of 
auseultation. GIsson ”) emphasises this particularly and says that in 
order to hear the sound, accidental sounds must be exeluded as much 
as possible, while one has to strain one’s attention during the interval 
in which the sound oceurs. Although the cardiophonograms leave 
no doubt as to tlıe existence of the third heart sound with Wi, we 
have been unable to hear it by means of a stethoscope. 

Regarding the explanation of the third sound we refer to the 
above mentioned more extensive paper which will shortly be published 
elsewhere. Here we will only state our conclusion that the sound 
cannot be put on a line with a prae-systolice murmur of the mitral 
valve, nor with a duplication of the second sound by non-simultaneous 
action of the aortal and pulinonal valves, but that it is probably 
caused by a second vibration of the valvulae semilunares aortae and 
must be regarded as a phenomenon of pretty common occeurrence. 


Astronomy. — “On some points in the theory of Jupiter’s satellites.” 
By Dr. W. pe Sırrer. (Communicated by Dr. E. F. van DE 
SanDE BAKHUYZEN). 


The following pages contain a short account of some investigations, 
which will soon be published, together with other results, in N°. 17 
of the publications of the astronomical laboratory at Groningen. 

A few words are necessary in explanation of the notations em- 


1) Caleulated according to Max WıEn, PrLüger’s Arch. f. d. gesammte Physiol. 
Bd. 97. p. 1. 1905. H. ZwAARDEMAKER and F. H. Quıx give in ENGELMARNN’s 
Arch. f. Physiol. p. 25. 1904, differences in the same sense, but of a different 
order of magnitude. 

Pike. 
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ployed. The notations used by different writers on the theory of the 
satellites are discordant in a most regrettable manner. The tables, 
both those of Damoiskau and of DELAMBRE, distinguish the four 
satellites by the numbers 1, 2, 3, 4. This example is followed by 
MaArTH, and I have also in all my previous work on the satellites 
used this notation, as is also done by Mr. Cooksox in the discussion 
of his observations. The theoretical writers, on the other hand, J,APLAcH, 
TısserAND, SOUILLART use the suffixes 0, 1, 2, 3 or a corresponding 
number of accents. Another fundamental difference is in the designation 
of the perijoves. The letter & in the writings of Damoıskau, MARTH, 
Coorson and myself represents the “own” perijove; SOVILLART and 
Tisseranp use it for the osculating perijove. There are many more 
differences of this kind, which need not beenumerated here. Though 
thoroughly convinced of the great importance ofa consistent notation, 
I am, reluctantly, compelled in this communication to depart from 
the notations employed by me elsewhere. In the first artiele of the 
present communication, which treats of a theoretical point, I have, to 
avoid the writing out at length of many well known formulas and 
results, closely followed TissErAnD’s very clear argument in the 
fourth volume of his Traite de Mecanique Üeleste. Accordingly in 
this jirst article, I will adopt TisskrAnD’s notation, with one exception. 
In the further artieles I will return to the notation employed in my 
previous work. 


1. Theory of the libration. As has been explained, the notations 
employed are Tisskranp’s excepting the mean longitudes, which I 
denote by Z,, 2, l, instead of by Z,7,!". In addition to the quantities 
7,F'@,G’ defined by (19) page 11!) I wish to introduce 


4 1) 
G, —- — 3a AN —- ad eg 
a da 


4a’ m) 
a a 
Qa 


1 ® 


Tısseranp assumes G, = @ and G,’—= @’, which is only approxi- 
mately true. If it is not desired to introduce this approxination, 
then on page 11, formula (20) we must in R, replace @ by @, and 
simlarly in BR,’ @’ by @,'. 

The only further differenee from TissERAND’s notation is in the 
definition of the libration. I put 


!) The references of pages and formulas are to those of Tısserann, volume IV, 
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BAT ED 800 ER: FT 
Tısseranp, however, has 
$—1— 30 221", 


The angle %, as defined by |1] is the angle to which the name 
libration was first applied by Larnack, and which is by him called ®. 
(Mecanique Celeste, Livre VIII, art. 15, Oeuvres, tome IV pages 75 
and 79 of the edition of 1845). 

The differential equation determining the libration is 

dd 


m Sumarn ra N ar 


This equation is derived by the combination of the three equations 


al, Q sind 
= —Q, sin 
dt? . 
d?l 
En > he 0 Leer] 
dl 1 
ne = — Q, sind 
We have thus 
u U 281 1 I 


From these equations the whole theory of the libration is derived 
in the well known manner, on which, however, I will not dwell, 
my sole objeet being at present the determination of the quantities 
ER 2 and Q- 

For that purpose we start from the formulas given by TısskrAnD at 
the top of page 20, which must however be completel as follows: 


a ao cı.ıe 
a & 
and two similar equations for e' and _". 


de de 
Introdueing the same auxiliary angles u and w that are used by 
Tısserand (formula (12) page 20), we get instead of TisseRAND’S 
equations (2): 


(3%) 


N 
ag == > m'n? [? (k sin u — h cos u) + % @, (k' sin u — h cos | 
dt? 2 a 
—, Sy Io. (w — h?} sin 2u — 2kh cos 2) 
PL (w — 53 ein Zu — Ah'k' cos 2) 
mya 
— 2bo,ı (we — hh' sin Zu — \kh' + kl} cos 2.)| E 
de EEE ad ’ 
— — 3mn” | @ (k' sin u — h' cosu) + — F (ksinu — h cos u) \ 
dt? g - 
3 1 4 ' ’ a’ ' mr“ ! " ' | 
+ FRLEN F' (k' sin u! — h' cos u’) + — @', (k" sin u! — h" cos u‘) 
a 
+ 6n' [a (w — 1? sin Zu — 2k'h' cos 2) 
REN | (w — 13 sin Zu — 2kh cos 2) 
m'y a 
) [6] 
— 2bı, & — hh') sin Zu — {kh' + hi} cos >.) 
ig E G — Äh? sin Zu! — 2k'h' cos 2) 
+ Ede ag,ı @ E 1"? sin du’ — 2" cos 2 | 
my a 
— 2b. @ — Ah") sin Zu! — {kW + RE") cos 2) R 
d?o" "n 


Dreh EEE a" ' & re, ' j 
ee min (k" sin u — h" cosu' + — F' (k' sin uw — h' cos u 
ade: a’ 


+ 6m" & (w — A"? sin Au! — 2K'h" cos 2) 


my a 


ae a a9 G — NW? sin Qu — ZEN! cos 2) 


— 2b, @ — Wh} sin Zu! — {k'h" + h'k") cos 2 ’ 
To derive from these the formulas [3] we must for A, k,h.. 
substitute the values 
h=Bsinu+ B, sin u 
BbOH, 2 Re 
k=Beosu+ DB, cos u, 


which are given by Tisskranp at the bottom of page 21. In the 
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result we then reject all terms which do not contain the argument 
u" —u=% + 180°, 
or its multiple. We thus find easily 


d’? 3 
a es m'n? |». = < 08 | sin (u—u)) 
— 3n [0:8 Sr En 210 B.: ” — 20,1 B,B ge 2 (u—u') 
— 6n [®. BB, + av. aBB'— boı(BB,+B, ») ji (u—u') 
d’o' 
ar 3mn'? EZ + — > sin (u — u) 
3 u r m! ll . ' 
ae 2 FB+-, - @,.B" | sin (W—u) 
on | oB, 2. + — a, } B.° —— 2bı,o BB, \in 2 (u—u') 
47 : 3 | 
+ 12n' u Eee -@,1BB, — — bo (BB, +B,B') \ [8] 
sin (u—u)) 
ze oB'"* wen av. — a9, 1,.B"” — 2b, »BB| sin 2 (wW— u) 
on [ar BB} Hay ag, 1 B'"B, " —bı39 (BB'+B,B") | 
sin (wW — u) 
m " 
TO __ mn | EB" +5 © FB! | sin (W—u) 
dt? 
on A B"+ mva aı,a B* — 2b3,1 BB" | sin 2 (u — u) 
£ m"y a" ’ 3 
my a I Ui ll 
+ 127" [® BD. 4 —— m'Va 9, BB, '—b>ı(BB, + 2 'B ) 
ein (u —u) 
We now put 
sin (u—u') = sin d 
sin 2 (u—u)) = — 2 sin, 
Further we introduce the approximate values of B, BD’... which 
TısskrRAND gives in the middle of page 22, viz.: 
B=m(G EAN m' CH" DB, ed] 


where C is a constant, the value of which is indifferent to our 
argument, and can easily be derived by comparison with TısskrAnD, 
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We then neglect the squares and products of B, B’..., and also 
the difference of @, and @, and we put 


neo ana Er er Erd 
which also is only approximately true, and 
3 
—_ — F en 
2 a 


Introdueing all these simplifications we find the equations (22) of 
TıssERAND, viz.: 


ar = — = K sin % 
de? a 
EN a EN 
dt? a'? 
ee ee 
de? a"? 


In comparing these with Tisserann it must not be forgotten that 
our & differs 180° from TisseranD’s. We have thus, if all the above 
mentioned approximations are introduced 


mm mm! mm 


‚=——K Q,=—3 K, Q,=2——-K. [11] 
a a 


a? 


The values [9], however, are only approximately true; they contain 
only the perturbations of the first order in the masses. Nevertheless 
the deviations of the values of Q; from the truth caused by the 
adoption of these approximate values, and similarly by [10] and by 
the neglect of difference of @ and @,, are not of a serious nature. 
The neglect of the terms of the second degree in B, B’... on the 
other hand, is very serious. 

Now discarding all these simplifications, with the exception of 
B,=B'’=0, which we continue to adopt, we find for the com- 
plete values of Q, Q., Rs: 

m'yla' 


3 I % y r 2 | 
= — mn: — GB, — 6n E  a0(B” — BB) + BB, | 


3 
Q,= +3 mn” GB, + — 5 m'n®’FB + 


+ 120 [a10(B,"—B'B,') + b10 BB, ] + a 
2. 6n' [eı,2 (B’—B'B,') E= bi = Be 
Q, = — Im” — * FB _ 1m" F# 
a' "Va " 
Using the numerical data adopted by SoUILLART, and putting 
m, = 10000 m, m, = 10000 m’, m, = 10000 m”. 


ı a 


a,(B"—B'B,')+b5,B'B, | 
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we find from formula [11] 
Q, = + 0.03201 m, u, 
Q, = — 0.03794 m, m, 
Q, = + 0.00994 m, m,, 
From the formulas [12], on the other hand, we have: 
Q, =!4 003009 — 00460 m, — 01156 m, — 00958 mm, m, = 
— + 0:01815 m, m, 
Q, = t— 0:03436 + :00389 m, ++ 00933 m, + :00809 mm, m, = 
—= — 0:02438 m, m, 
Q, = + 0:00794 — :00020 m, — 00016 m, — 00042 mim, m, — 
— + 0:00751 m, m,. 
The numerical coefficients depend almost exelusively on the ratios 
of the major axes, i.e. on tlıe mean motions, and they can be taken 
as correct to the last figure given. 
The corresponding periods, computed by the formula 


De, 
ß 
are, expressed in years: 
Kom formula [tl u 1...u0. 5.6318 
Rom, formula,il2] 2... ..77=7985, 


The difference is considerable. 

The question naturally arises: why have these important terms of 
the second degree been overlooked by Larracr and SouisLLart? For 
LAPLAcE, the answer is very simple: he has neglected the part R, 
of the perturbing function throughout. For SoviLLAarT it is different. 
It is one of SovıLLarr’s great merits to have discovered the importance 
of this same part of the perturbing function, especially for the 
determination of the quantities B, B’... The corrections which have 
been added by Sovisuarr on this account to these coefficients, amount 
to a considerable part ofthe whole. Also SounLAarr evidently intended 
to find the expression for the period of the libration as completely 
as possible. On the pages 46 and 47 (Memoirs of the Royal Astro- 
nomical Society, Vol. XLV) he considers the different parts of the 
perturbing function, which can in the differential coefficients of the 
mean longitudes introduce the argument /, — 3/,—+ 2l,. He, however, 
rejects them all, as giving negligible coeflicients, and retains only 
the terms which had already been discovered by Larrace. Among 
the rejected terms are also the new terms treated above, which are 
discarded by SovstzLarr on the ground that they are of the second 
degree in the excentricities (page 47, bottom). He here overlooks 
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that in these terms, for the same reason as in those of the first 
degree, the excentricities must be replaced by their perturbations 
with the arguments vu and w’, in order to find the terıns determining 
the libration. These terms thus are of the second degree, not in 
the excentricities, but in the quantities B, B’... and of these the 
squares are not negligible, as we have seen. 

The question further arises: do not the terms of the third degree 
in the excentricities, i.e. those of the types 


Pe’ cos (2! — 1 —o©), Qeedcs(2! —l1— 20 -+ ©), 
Re? cos (61 — 31 — 30), Se cos(4l" —1— 30), etc. 


also contribute appreciably towards the coefficients Q;? To find the 
answer to this question I have computed all the terms of this kind 
in Q,. These terms of the third degree, which are of the fourth order 
in the masses, are: 

4Q, = + :00012 m,? + 00079 m,? + 00034 m,* + -00061 m, m, + 

+ 00050 m, m, + .00124 m, m,!m, m, = + .00071 m, m,. 

They are thus not wholly negligible. I have, however, not carried 
out the computation — which is rather complicated — for Q, and 
Q,, nor have I computed the terms of the fourth degree (i. e. of the 
fifth order in the masses). The development of the period 7’in powers 
of the masses evidently converges very slowly, and the period com- 
puted by the formulas [12] may very well be erroneous by a few 
tenths of a year. 


2. The equations of the centre. The large inequalities, which in 
the integration by the method of variation of elements appear as 
perturbations of the excentrieities and perijoves (formula [7] above), 
' are in practice added to the longitudes and radii-veetores, and the 
excentricities and perijoves are conceived to be affected by their 
secular, but not by their periodie perturbations. I now return to the 
notations used in all my other work on the satellites, and I denote 
the excentrieities and perijoves, defined in this way, by Z; and &,. 
We have then !) 

h; =2E; sn 2, —=2 3; %jej sin o; 
ık=2£E;cs 9, =22, Tjej c0s @; 

The sums extend over the values of j from 1 to 4; e; and ö; are 
the “own” excentrieities and perijoves of LarLack, the values of 
e; are constant and @; are linear functions of the time. Further 


BER SSET.; 


') These A; and k; are thus not the same quantities as those denoted byh,k,h' 
by TisserAnp. DIE LEN 
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67 


3 dw; 
ti —=1, the other ratios 7;, and the motions rn depending on the 


masses. Thus if certain values of the ımasses are adopted, the ratios 
T; are thereby determined. If then A; and %; of the four satellites 
are known from the observations, then from the eight linear equations 
[13] (consisting of two sets of four each, with the same coefficients) 
we can determine the eight unknowns e; sin @; and e; cos @&;, and 
from these again e; and ®&;. The method is exactly the same as the 
one used by me for tlıe determination of the inclinations and nodes 
(see these Proceedings, 1906 March, pages 767—780). The values of 
h; and kA; have been determined from the heliometer-observations 
made at the Cape Observatory, in 1891 by Sir Davıp GiLL, and in 
1901 and 1902 by Mr. Bryan Cooxsox. The results from these 
observations have been treated by the method just delineated, in two 
different suppositions regarding the masses, i.e. regarding the ratios 


3 ee {7} | De 
189175 | 0°036 | 0°036| +°009 J158° |157° | + 15° [248° [235° 
‚| 41901:61 | -055|1 -055|+ 2 ss 16 |+36 [48 | 5 
| 1902-60 | oa! -a|l+ m a m |+2a7 Po Jası 
1891-75 | 0:018! 0020| +:006 |169 166 | +46 [300 197% 
1901-641 | mo! -a9I + 14 Isis |sıs | +37 [92 29 
N sono I -0a6I -ow0l + 9 Iso Is | + 1 1967 
Mean | 0-021 | 0-022 284 278 
ı 4891:75 | 0-086| 0:086| +:003 |+79-7 |479:6 | + 2-0 [2014 |200-4 
| 4901-61 | -100|1 -101l + 9 J1982 J1g8-1 | + 5-6 [193-9 [193-8 
se Iso Kool: 6 |eiso ss | + #0 22 |212:3 
| Mean "0-089 "0-089 202:5 |202°2 
189178 [0-4284 |0-4280| +:0015 |142-28|142 29| + 0-20[148-19 1447-83 
1901-61 | -was| -a16| + 30 [148-92)149-05) +  40]147°76 |147°96 
VW 002.60 | -awsı| 22021 + 35 [149-061129-08| + :34] 14720 147.28 
ı Mean 0:4258 0-4953 447.72 |117°69 
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dw; 5 
t; and the motions -— The results are collected in the following 
t 


table. The values of @; for 1900.0, given in the last two columns, 
have been derived from those for the individual epochs for each 


En 


do; | 
system separately by means of the MOBODR corresponding to the 


assumed masses. The perijoves are counted from the assumed vernal 
equinox of Jupiter, whose longitude in 1900.0 is 135°.45. 

The values of these elements, on which SoviLLarT's theory is 
based, are: 


(1900-0) 
[0] o 

e, — 0.001 o, = 305 

e, — 0.006 o,—= 177 

20064 o,— 206-1 

e,— 0.4160 &, — 152-69 


The results from the two systems are practically identical. The 
corrections 10 SOUILLART’S values for the satellites II, III and IV, are 
considerable, and on the whole much larger than the deviations of 
the three epochs inter se. These corrections are thus undoubtedly 
real. The most remarkable of them is certainly the large own 
excentrieity of II. The value of this element, assumed by DELAMBRE 
and Damoiskau is zero. The value used by SovisLLarr in his theory 
is a pure arithmetical result, and has no weight whatever as a 
determination of the element. Damoiskau, however, has suspected the 
existence of anı excentrieity of practically the same amount as is 
found here. This is shown by the following quotation from his un- 
published memoir, written in explanation of the construction of his 
tables, which I quote after SovinLart '). Damoiszauv says there: 
“Nous avons des motifs de soupeonner dans l’orbite du second 
satellite une &quation du centre propre de 32° en temps synodique 
(ce qui correspondrait a une "excentricite propre de 0.00032738), 
mais notre incertitude sur la position du perijove, dont le mouvement 
est encore A calculer par la theorie, nous a fait remettre cette re- 
cherche & un autre temps.” This excentricity, expressed in are is 
0°.0188, and it is therefore practically the same as the value found 
by me. The reason adduced by Dawoıskau for not using it in his 
tables sounds somewhat strange: as a matter of fact the motion of 
the perijove had been determined long ago by Lapuack. 

With regard to Satellite I it is elear that the apparent equations 


I) Memoires des Savants etrangers, tome XXX, page 28. 
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of the centre derived from the observations — which moreover are 
only little larger than their probable errors —- do not represent a 
true excentrieity. It is not impossible that they are produced by the 
existence of surface markings on the disc of the satellite, causing the 
centre of light, which is observed by the heliometer, to be displaced 
relatively to the centre of gravity, the displacement being different 
at different epochs’ Any attempt to explain the observed A; and &; 
on this hypothesis would, however, necessarily involve so many 
undeterminate quantities, that its success would be no proof of its 
representing a true fact of nature. 


3.  Determination of the libration from the observations. 


In a communication made by me in 1905 to the “Nederlandsch 
Natuur- en Geneeskundig Congres’”’, ') I have shown: 

that the libration probably has an appreciable coefficient, 

that the determination from the observations, not only of the 
phase and amplitude, but also of the period of the libration, is ot 
the highest importance for the derivation of the masses, especially 
of the mass of Satellite I, 

that this determination is possible from the observations made at 
the observatories at the Cape, Helsingfors and Pulkowa, 

that most probably the period differs considerably from the value 


 adopted by LarLack and SOUILLART, and 


that this determination is intricately connected with an investigation 
of the long-periodie inequalities in the longitudes of the satellites, 


and that consequently the whole problem can only be solved by 


successive approximations. 

In number 17 of the Publications of the Astronomical Laboratory 
at Groningen, which will soon be published, all these conclusions 
are confirmed and the successive approximations are carried out. In 


this communication I cannot dwell upon the details of this investiga- 


tion, nor upon the difficulties which were encountered. I must confine 
myself to a brief statement of the results. 

The observations used are the heliometer-observations of the Cape 
Observatory already quoted above, and further photographic plates 
taken at Helsingfors in the years 1892—93, 1893—94, 1894—95, 
1895—96 and 1897, at Pulkowa in 1895—96, 1897 and 1898, and 
at the Cape in 1904. I thus had at my disposition ten oppositions 


1) «Over de libratie der drie binnenste groote satellieten van Jupiter en eene 
nieuwe methode ter bepaling van de massa van Satelliet 1." Handelingen van 


het 10de Congres, pages 125—128. 
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in all. For each of these correetions Al; to the assumed longitudes 
of the satellites were derived. These direct results from the obser- 
vations can, however, not be used as they stand. There are, as has 
been mentioned above, in the longitude of each satellite four unequali- 
ties, whose periods are between 400 and 500 days, and whose 
ceoefficients are of the same order of magnitude as the libration. 
These inequalities therefore, during the few months over which each 
of the ten series of observations extends, are practically constant, 
and the correction Al; derived from the observations consequently 
contains, in addition to the correetion As; to the mean longitude, 
and the libration, also the correction to the assumed values of these 
inequalities. 

Now the coefficients of these inequalities are proportional to the 
excentricities and depend on the masse:, and are therefore incertain 
to the same extent as these, i.e. to a very large extent. The periods 
of the four inequalities are so nearly equal, that they cannot be 
separated from each other. Further the period of the most important 
of them — important both by its magnitude and by its uncertainty 
— differs just so much from the average interval of one opposition 
to the next that, when we consider only the values at the epochs of 
opposition, the inequality presents itself as one having approximately 
the period of the libration, and can therefore not be separated from 
the libration itself. For all these reasons it was impossible to 
determine the libration and he long-periodie inequalities from these 
observations alone. 

For the determination of the masses, leaving for the moment the 
mass of IV out of consideration, we have the following data: 

1. the large inequalities in the longitudes of the satellites I, II 
and III, 

2. the motion of the perijove of satellite IV, 

3. the period of the libration. 

The motion of the perijove ‚of IV also depends on the compression 
of the planet, which must thus also be investigated, and is deter- 
mined by 

4. the motion of the node of satellite II. 

The data mentioned under 1, 2 and 4 are those used by LaPLack, 
3 has for the first time been pointed out by me in the communi- 
cation to the “Nederlandsch Natuur- en Geneeskundig Congres”, 
quoted above. 

The method by which the approximations have been conducted is 
the following. Certain values of the masses, approximately verifying 
he conditions 1, 2, and 4, are assumed, and the corresponding 
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values of the long-periodie inequalities are computed. Let these 
be di’, and let d4° be the values used in computing the tabular 
places which were compared with the observations. Then evidently 
the correetion to the mean longitude corresponding to the assumed 
masses (and equations of the centre) is 

N (di — dI;°). 

From these Al’ we then determine the amplitude, the phase and 
the period of the libration. If this period co-incides with the one 
computed from the assumed masses, then the approximation is suffi- 
cient, if not, then the whole process is repeated with different masses. 

The communication of the different approximations and of the 
residuals remaining after the substitution of the finally adopted values, 
would exceed the limits set to this paper. The formula finally derived 
for the libration is 


t — 1895- 
% — 0°.158 sin ER RA 


The adopted masses are 
m, = 0.0000 256 
m, — 0.0000 231 
m, = 0.0000 820 


and the corresponding ratio of the distribution of the libration over 
the longitudes of the three satellites is given by 


>, », >, 
— —= + 0'175 — = — 0'260 — = + 0:022° 
> .E > > = 


| 
| 


The mean longitudes (excluding libration) on 1900 January 0, 
Greenwich mean noon, are (counted froın the point Aries) 


L, — 142-604 
,— 99 -534 
1, — 167 :999 


I, — 234 -372, 
By a cemparison of these with the values at the epoch 1750.0 
the following sidereal mean daily motions!) were derived 
n, — 203°-4889 5652 
— 101 3747 2411 
n, = 50 3176 0790° 
n,— 21.5710 7132. 


I have added no probable errors, which in the absence of the 
details of the observational material can only have a subjective value. 


l) j.e. sidereal mean motions in a mean solar day. 


Proceedings Royal Acad. Amsterdam. Vol. X. 
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Geology. — “Considerations on the Staringian “ Zanddihwium” ” 
By P. Tesch. (Communicated by Prof. K. MARTIN). 


The sandy areas form a great part of the Dutch land. When from 
the so-called diluvial half of our country the gravelous diluvium 
with the boulder-clay, the alluvial moors and river deposits and the 
regions where the wind has influenced the bottom, are subtracted, 
the distriets are resting where the surface consists of sand without 
or with little gravel and which are gathered by Srtarına under the 
collective name of “zanddiluvium”. These districts have in the different 
parts of our country a different appearance and a different fertility. 
Therefore the neutral name of “zanddiluvium” has been chosen by 
Starıng for a very good reason, in which name the origin rests 
undeceided by this name. Yet ‘he speaks on the pages 114 to 121 
of the second volume of his “Bodem van Nederland’ about the 
origin of these sand deposits as follows: 

“Evidently it has been formed in the last part of the diluvial 
period or in the very first part of the alluvial period; for everywhere 
where it is found, it rests upon the gravelous diluvium and is covered 
by the alluvial beds.” 

“This form (the horizontal position of the composing strata) 
connected with its position upon the gravelous diluvium and at the 
foot of the hills formed by this, permits to decide, with great 
probability, about the presumptive origin of the “zanddiluvinm”. The 
sand with boulders and gravel being transported to the places where 
it is found now and having taken its present form, still a long time 
must have passed, before the surface was fastened by the vegetation 
and the currents were streaming in their present beds. During this 
period frost and rain will have had a stronger influence on these 
accumulations of sand and boulders than afterwards when their 
surface was protected by a thick erust of humus. The rocks which 
are capable of disintegration, many granites, mica slates, sand-stones 
and grits, have been converted into gravel, sand and clay, and the 
rain water has transported it for a great part to the valleys. These 
valleys were filled up and at the same time the hills became lower 
and took a more rounded form than was originally the case. That 
this sand represents the detritus of the gravelous diluvium and has 
been formed during the transition-time to the alluvial period, is also 
to be coneluded from ‚the reflection that such a formation must exist 
and that this formation cannot be pointed out in another than in 
this sand.” 
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STARING was however not ignorant of the fact that still other 
factors have contributed to the formation and the distribution of 
this sand. 

This may be sure when we see, how on his geological map on 
some places along the great rivers alluvial sand-banks are placed on 
the “zanddiluvium”, isolated from the present river-bed and how on 
the index of the colours “zanddiluvium” and “rivages diluviens” are 
marked with different character Z and Z’ and yet this difference has 
not been sustained on the map. Here the same colour and the same 
character Z signifies “zanddiluvium” as well as “diluvial sand-banks” 
(map 19) and “river banks” (map 20). Apparently Srarına would 
not decide, though he was convinced that those formations are not 
equivalent. He may not have said it clearly, yet the honour of 
having first recognized the problem is due to him. 

So STARING’S point of view in the matter was as follows: 

The “zanddiluvium” includes al) sanddeposits which have been 
formed after the glacial period and which are not surely alluvial. 
It has been washed away by rain water from the gravel-hills in the 
neighbourhood; yet on many places the possibility of another origin 
may be taken into consideration. 

After Starıng only three geologists, as far as is learned by the 
literature I can dispose of, have been engaged in the study of the 
postglaeial “zanddiluvium’”. 

At the 7! Physical and Medical Congress in 1899 (Transactions 
page 450) Dr. H. van CarpELLE spoke on “de oorsprong van het 
heide- of hellingzand””. 

In the STAarıNGIAN “zanddiluvium” formations of a different age 
must be represented. The orator observed on many places (West- 
Drenthe, Gaasterland, Amersfoort etc.) between tlıe sand which may 
be considered with great probability as the product of-the washing 
from the gravel-hills, old surfaces which he conneets with the inter- 
glacial period by the following reasoning: 

“the younger diluvial currents which have formed the level sand 
of the valleys, have eroded this “heidezand”. The sand of the 
valleys being formed in the period of the melting away of the first 
glacier, for the formation of the ‚older “heidezand’” only two sub- 
sections of the diluvial period rest: 1®t. the second glacial period 
and 2”d, the period of the melting away of the first glacier.” 

“The first age is possible for the sand which covers the mentioned 
vegetable beds. So tlıese vegetable beds must be interglacial. The 
sand which covers the boulder-elay directly, may also be a deposit 
of the first glacier.”’ 

7% 
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Before continuing, I will add some remarks. The old surfaces, 
observed by Dr. van CarPeLue, prove nothing else but the fact that 
in the formation of this sand periods of rest have existed, in which 
organic life could develop on the sand. But this fact does not yet 
prove that two different geologieal periods are necessary. Indeed 
Dr. van CaPPeLLE himself says that the vegetable beds lie between 
the sand in the shape of wedge and so are very local. They have 
not any value for a further determination of the age. I agree per- 
fectly well with Dr. van CappeLıE where he says on page 151: 

“this author (Dr. J. Martın at Oldenburg) will not believe that 
the interglacial period bas passed without leaving behind traces in 
our country, though a convincing proof is not to be given, because 
the ground moraine of the second glacier fails”, and indeed it is 
not to be thought otherwise that among our so-called postglacial 
formations, deposits exist which are equivalent to such of the 
second interglacial period and the third glacial period in Germany, 
but a decisive proof is not to be given. Old surfaces between the 
sand have not the least demonstrative power in this matter. To show 
the point of view of Dr. van CArPpELLeE in 1899 in regard to the 
origin of the “heidezand”, I will cite the conclusion at the end of 
the mentioned communication: 

The “heidezand’” has been formed in part by the melting waters 
of the retiring first glacier, in part after the interglacial period by 
the brooks which were streaming from the gravelhills in the time 
of the approaching of the second glaciey ; also the alluvial period 
has contributed ‚to the increase of the “heidezand” by the washing 
of the hills.” 

Dr. J. Lorı has laid stress upon the fact that the sandy plains 
which accompany our great rivers and many smaller ones ought to 
be considered as river-beds of the diluvial times. This sand has been 
washed away from the banks and removed down the current. Two 
examples will do. 

At the 4th Physical and Medical Congress in 1893 (Transactions 
page 393) Dr. Lorıt speaks about “the peat-moors of Brabant- 
Limburg.”” The speaker demonstrates that these moors owe their origin 
to existing grooves in the surface which had no drainage. Those 
grooves represent old branches of the Meuse. This whole region ought 
to be considered as a diluvial delta of the Meuse. 

“From the stadium of the “wild waters” when the Meuse was 
still streaming without a definitive bed, a compound network was 
born which decreased gradually, until only one current, the present 
Meuse, remained.” 
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In the communications on the geology of the Netherlands, col- 
lected by the geological committee, number 35, Dr. Lorıf shows 
eonvineingly that the surface of the “Geldersche Vallei” represents 
a terrace of a faded branch of the Rhine. 

“The peat is followed by a thick layer of sand which has not been 
washed away from the hills on either side, but has been supplied 
by a branch of the Rhine which thus built a terrace”. (p. 95). 

The fact, that the fluviatile sand reposes upon the marine fauna 
of the “Eemstelsel” with temperate character and is still separated 
from it by peat and clay, proves in my opinion that the terraces 
have been formed by the rivers in an old-alluvial period with our 
present climate. I hope to revert soon to this subject. 

The third examiner of the Dutch sand distriets was Dr. J. L. C. 
SCHROEDER VAN DER KoLk, and it may be superfluous to draw out 
his great merits another time, also in regard to this geological 
problem. To his aceurate sand inguiry we owe this division ’). 

I. Quartz-amfibol-sands : 

a. quantity less than 0,4. Southern Diluvium. 

b. quantity more than 0,4. Northern Diluvium. 
II. Quartz-garnet-sands: 

a. small quantity. Increase. Alluvium. 

b. great quantity. Decrease. Alluvium. 

He applied his rules to this study of the environs of Deventer 
with much acuteness. 

SCHROEDER VAN DER KOLK could not continue his successful re- 
searches because of his busy life in Delft and his feeble health, and 
his death has put an end to all further expectations. 

The diffieulties are far from. being conquered now. In general the 
rules of SCHROEDER VAN DER KoLK are quite right. Yet. it is not 
sufficient for the classification of each sand to determine the quantity 
of heavy minerals. The activity of the forces of nature being too 
much complicated, the effect cannot appear in a so simple form in 
all cases. In each case all eircumstances must be taken into con- 
sideration or we shall often come to an erroneous conclusion. The 
following example shows this necessity. 

The lower parts of the Rhine-diluvium in Limburg are formed by 
grey sands. In these sands grains of basalt are tolerably numerous. 
Even when the grains larger than 2 mM. and those smaller than 
0,2 mm. are removed, the quantity of heavy minerals is still 0,5 to 
0,6, the specific weight of basalt being 2,9 to 3,1. The grains of 


1) In this form ScHRoEDER vAn DER Kork gave his division at the 6'" Physical 
and Medical Congress in 1897 (Transactions page 409). 
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basalt not being considered as a mixture of minerals, it would be 
coneluded that these sands belong to a glacial sheet which had 
reached our country before the gravel of the Rhine-diluvium had 
been deposed. Such a contradiction would give rise to many diffieulties. 

There is still more. In the gravelous diluvium in situ, the praetical 
limit of 0,4°/, will probably give good results, but in the “zand- 
diluvium”, the materials of which must have been derived from the 
gravelous diluvium, the quantity of heavy minerals must have been 
changed, according to the different manners of derivation. Here the 
greatest prudence is wanted. 

When a characteristic can be pointed out which may be considered 
as the effect of these different manners of derivation, a further step 
has been made. I believe I have found a specific which may aid in 
some cases to take a decision, where the rules of SCHROEDER VAN 
DER Kork do not help. I add immediately that this specific is not at 
all universal. 

It will be necessary to tell in a very general manner how in my 
opinion the beginning of the diluvial period found our country and 
how our gravelous diluvium has been deposed. 

As much as we know now, the tertiary base of our country is 
marine (excepted South-Limburg). In the western part of Zeeuwsch- 
Vlaanderen the base is formed by the “rupelleem’’, in the eastern part 
it is the marine deposit of the Diestien. Along our southern frontiers 
the marine deposits of the Poederlien, Diestien and Bolderien exist. 
The sands of the Moseen appertain in my opinion to the old fluviatile 
diluvium. The miocene land- and fresh-water deposits seem to be 
restricted to South-Limburg. Along our eastern frontiers the base is 
formed by upper-oligocene sea-sands, to the north these strata are 
' covered by miocene deposits. In Gelderland and Overyssel the same 
miocene clay forms the surface. In North-Brabant and North-Limburg 
this miocene is still covered by sands which probably appertain to 
the pliocene. To the north and west Lorıf has shown a pliocene 
sea-ground at several places (Grave, Arnhem, Goes, Gorkum, Bergen 
op Zoom, Utrecht and Amsterdam) which declines to the north-west. 
So at the beginning of the diluvial period the greater part of our 
country was covered by the pliocene sea and only in the east and 
south-east a coast existed. 

BOm the rivers Rhine and Meuse supplied the enormous quantity 
of sand and gravel which form everywhere in our country the base 
(excepted Zeeuwsch-Vlaanderen and South-Limburg). A delta was 
built which filled up the basin of Holland and the Southern North- - 
sea as far as the chaik rocks of Norfolk aud Suffolk. 
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Then a part of this delta was eovered by the northern glacier 
which deposed its moraines on the surface of the delta. The glacial 
sheet being retired, a new period begins. The river water remained 
at the south of the morainal barrier Laren, Rhenen, Nymegen, Cleef, 
Xanten, and the rivers came from the stadium of the “wild waters” 
into the stadium of a compound network. The gravelous diluvium 
has been deposed and we have to examine in what way tlıe surface 
can have been changed now. 

In the sandy areas which are very numerous in our gravelous 
dilivium, we may expect; 

a. the sand which has been removed by the wind. 

b. the sand washed away from the hills by rain water. 

c. the sand deposed by a river in its bed. 


How to distinguish these sands? The sand a must be deposed in 
a depression and does not show a stratification. The composition 
and the largeness of the grains do not offer a regularity and the 
surface must be hilly. This origin may be possible for sand distriets 
which are surrounded by gravel-hills. 

The sand ce may be found along the rivers or in a groove which 
represents a faded river bed. In general the surface deelines down 
the current and the sand is stratified in a horizontal position. The 
composition and the largeness of the grains give no difference in 
the direction of the stream, neither in vertical direction. 

The sand d may be found in depressions as well as in grooves, 
has also to show a horizontal stratification, but in the composition 
and the largeness of the grains differences may be expected: 

1. in the direction of the groove, when the bordering hills differ 
in composition, as in the case of the hills of Holten, Markelo and 
Lochem. 

2. in vertical direction. When grains of sand are washed down 
the hills by rain water, the grains become smaller, while the ineli- 
nation decreases gradually. So the grains of the sand db has to become 
smaller in the higher parts of tbe layer. 

The next may show whether this characteristie can practically 
be used. | 

In the last year the Dutch Government drilled at three places in 
the Peel. As appeared the peat reposes on sand and then the gravelous 
diluvium follows. The question is whether this sand is a sand Db or 
a sand c. When the lower parts have indeed a greater quantity of 
large grains than the higher parts, it may be a sand 5, else we have 
better consider it as a sand c. 
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The hill-slope from Meyel to Deurne is about 18 K.M. long and 
has a direction from N. N. W. to $. S. E. At the east of this ridge 
are situated the three places (at the station of Helenaveen, at the 
village of Helenaveen and at the north of the village of Helden) 
which I shall call 1, 2 and 3, from the north to the south. 


The position of the sand bed is as follows: 


Meters +A.P. =. 

= 

from to ? 

un 
at the first place 31.32 | 24.92 | 640 
at the second place, 32.01 | 25.76 | 6.25 

| 

at. the third place | 30.19 | 3.54 | 6.65 


| 


I accept four sorts of grains: 


Sort A: grains larger than 2 mm. 


Sort B: grains smaller than 2 mm. and larger than 1 mm. 

Sort C: grains smaller than I mm. and larger than '/, mm. 

Sort D: grains smaller than '/, mm. 

The grains were separated by sieving and the quantity was weighed. 
The results are found in the following tables: 


FIRST PLACE. 


nn Sort Sort Sort Sort 
a A. B. €: D. 
31.12 0.18 | 0.9 | 38.7 | ®.7 
30.42 RR Ur aag  D ue 
29.38 0.43 106 | 1.2 | 57.7 
338 085103 | 4.7 | 574 
97.02 6.87 150,720]. 28(6 mas 
26.52 0.93 | 1.58 | 47.5 | 50.0 
25.42 2.80 | 1.88 | 46.0 | 49.3 
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SECOND PLACE. 


Depth of the | ort | Sort | Sort | Sort 
sample, in | 
meters +A.P. ne c. D 
| 
4.35 | 0 | 0.56 | 39.2 | 60.0 
29.56 0,58. 10,58" 7437.8%] 61.0 
28.56 0.61 0.92 | 42.3 56.2 
97.56 1783 21-9:80 | 4,3 | 51.4 
26.56 350 119.78. 1 44.5: 11 50:0 
| 


THIRD PLACE. 


Depth of the Sort Sort Sort Sort 
sample, in 
meters +A.P. R E c D 
28.04 0.09 0.52 29.8 69.6 
27.04 1a25 2.83 29.5 66.4 
25.04 2.1901012.92 34.6 59.6 


Tbese lists show that indeed in the higher parts of the sand bed 
are more small grains and fewer large grains. So the question is 
deeided in favour of the sand D. 

It occurs to me that we may accept: 

1®:. that the groove originally was the bed of an old branch of 
the Meuse. However this river did not wash away sand from the banks. 

2nd, that afterwards the groove has been filled up with sand d. 
As I remarked already, this specific is not at all universal, but can 
only give an indieation in some cases. 

Finally a remark. The glacial sheet being retired the glacial 
period ends for our country. Meanwhile we know that afterwards 
another approach of the glacier came, which did not reach our 
country. As Dr. van CAPPpELLE remarked already, interglacial deposits 
must exist in our country. We do not know however deposits with 
an aretic fauna and so the points of comparison fail to divide our 
postglacial diluvium. Therefore we cannot give a further deter- 
mination of the age for the deposits between our gravelous diluvium 
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and the modern formations. In my opinion it is not possible to 
make a map of our country which is strietly geological. But it is 
just for that reason that a geological survey would have to do good 
work, by finding means to conquer the diffieulties. 

For the moment we must be content with a temporary division 
which I propose as follows: 

A. Glacial and fluviatile (fluvio-glacial) diluvium. The expression 
“preglacial” can be applied only to the surface of the delta, where 
the deposits of the nortbern glacier repose on it. At the south of 
the glacial front the surface of the delta may be formed contem- 
poraneously with the glacial diluvium. 

B. Postglacial diluvium and old-alluvium. 

Only in some. cases it will be possible to draw the line. 

C. Recent formations. 

Within these geological limits only petrographical and genetical 
distinctions can be made. 


Venlo, June 1907. 


Physiology. — “On the adsorption of the smell of muscon. by 
surfaces of different material’ By Prof. H. ZWAARDEMAKER. 


(Communicated in the meeiing of May 24, 1907). 


In 1906 H. Waunsaum discovered the odorous principle of muse 
in a ketone of constitution C,,H,,0, to which the name muscon 
was given'). Through the kindness of the firm Scmmmen & Co. I 
was enabled to make some oifactological investigations with this 
' preparation, which at my request was mixed with myristie acid for 
this purpose. With this fatty acid, melting at 54°C., it forms a 
mixture, containing 0.627 °/, muscon which could easily be cast 
into an olfactometrie cylinder of, 8 millimetres lumen. Exposition of 
0.15 em. of such a eylinder to a passing air-current of 100 eubie 
centimetres per second gives a just recognisable impression of the 
smell of muscon, a soft perfume, not admitting of further definition 
and soon grewing tiresome. With further dilution this perfuine does 
not change its character. Hence the odorimetrie eoeffieient of the 
mixture, used by us, was 6,7 °). 


) H. Wausaum in Schimmer & Co’s Berichte, April 1906, p. 99. 

?) The odorimetrie coefficient of a smelling substance, offered in a certain con- 
dition, is defined as the reciprocal value of the length in centimetres of the cylinder 
eorresponding to the so-called “threshold value” (for olfactometric eylinders of 8 mit 
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The olfactometrie measurements showed: 

1. that the volatilised muscon adheres strongly to the glass walls 
along which it passes. 

2. that rubbing such a glass wall with cotton wool gives rise, 
instead of an odour of muscon, to a smell, reminding of muse. 

This smell of muse was also noticed with glass wool, cotton wool, 
feathers or paper, placed in the path, but not with asbestos wool 
and platinum sponge, the time of exposition in all these cases having 
been about '/, minute. 

This led to a closer investigation, which I undertook the more 
readily, since an investigation by J. Aımken in 1905 showed that 
the odorous principle of muse must be regarded as a gas'). Thus 
the above-mentioned olfactometrie cylinder, containing 0,627 °/, 
muscon in myristie acid and having a length of 10 cm. and a 
diameter of 0.8 cm., was connected by means of a short brass piece 
with equally long and wide tubes of all sorts of material, in such 
a way that these tubes could, if required, be kept at a pre-determined 
temperature by a water-jacket. The thus formed canal passed into 
an aerodromometer?), i.e. a vertical glass tube in which an aluminium 
‘ dise is suspended between two spiral springs, the displacement of 
which indicates the velocity of the air-current by means of an 
empirical scale. After the aerodromometer finally followed a large tin 
cone in which an electrically driven fan maintained a suction from 
the narrow towards the wide end. The connection between the 
different pieces could be removed and re-established in a moment. 

The air, passing through this system, went successively through: 

1. the olfactometrie eylinder over its full length of 10 cm. 

2. the tube of which the adsorption is to be examined. 

3. the aerodromometer. 

In the experiments here mentioned the velocity of the air-eurrent 
was perfecetly constant; 84cm.’ passed per second. Each exposition 
lasted aceurately 5 minutes. Between the experiments the olfaetometrie 


lumen, i.e. O5 cM? cross-section). Cf. on this point Physiol. des Geruchs, Leipzig 
1895, p. 185. The significance of this coefficient, which rises and falls with the 
smellin; power of a substance, is at once seen, when one recognises the close 


relation between it and the quantity 5 in Fecnner’s celebrated formula Y = rg 


(Psychophysik II, p. 13). It deserves notice that the odorimetrie coefficient of 
muscon in liquid paraffine is zero. 


1) J. Aırken, Evaporation of musk and other odorous substances. Proc. Roy. Soc. 
Vol. 25, p. 894, 1905. 
2) H. ZwAARDEMAKER, Arch. f. Anat. u. Physiol. (Physiol Abth.). 1902, p. 417, 
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eylinder was always kept closed, while controlling experiments with 
an entjrely similar cylinder of pure myristice acid showed that by 
this alone no lasting adsorption of odour is produced. 


Adsorption of odour appeared to be entirely absent with some 
materials (porous porcelain, carbon, ebonite, steel, iron), with others 
to exist in a small degree (aluminium, silver, sulphur), with others 
again to exist in a more or less considerable degree (tin, copper, 
nickel, glass, lead alloyed with tin, lead). Judging by the impression 
received immediately after the experiment, the substances may be 
arranged in the following series of increasing condensation : 

Porous porcelain *, are lamp carbon, ebonite *, steel, iron, alumi- 
nium*, silver*, sulphur*, tin, copper, nickel, glass, lead alloyed with 
tin, lead. 

The substances marked with an asterisk are not entirely odourless 
at the temperature of the room. 

The first members of this series have no adsorption odour whatever 
after the muscon-containing air has passed for five minutes, nor do 
they acquire it by heating. The final members, especially tin, copper, 
nickel, glass and lead have a distinet adsorption odour which during 
the first minutes or even hours has an unmistakable muscon character. 
At last, however, a change takes place, consisting in: 

1. an alteration of the quality of the odour, so that finally it 
resembles musc. This holds for tin, copper, nickel, glass, glazed 
porcelain, lead alloyed with tin, lead. 

2. an increase in the smelling power of the adsorption odour, 
so that for lead, at any rate, a maximum is obtained after about 
3X 24 hours. 

3. a subsequent decrease in the smelling power, so that finally 
the tubes lose all odour. 

Free from any acquired odour the tubes become: 


For porous porcelain in O days 

„ carbon S 3 

„. steel A or 

ron „ & few minutes 

„ sulphur „ less than 24 hour 

„ aluminium at 

„ glass ae ERSPAREN 

„ silver see. AA Nays 

„ copper „ E2) ” „ 

EB) tın ER} ”„ „ 4 E2) 

„ nickel ee day 
‚lead ‚alloyed) waihh-ind. nr Era days 

„ lead » nn.» 11 0.12 days 
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Meanwhile these figures have only an approximate value, since the 
temperature of the room varied considerably during the last spring. 
In the first place I investigated whether the adsorption of the muscon 
odour must be explained-as an electrical phenomenon. The muscon 
gas, led over a sensitive electrometer, appeared to impart no charge 
to it, but it is not impossible that the method was not sensitive 
enough for this purpose. Therefore in the above described apparatus 
numbered nickel-plated copper tubes were placed, facing an insulated 
axially mounted steel rod of 3 millimetres thickness, so that an air 
condenser was formed with a distance of 2.5 millimetres between 
the ceylindrical charged surfaces. The odd numbers are charged +, 
the even ones — from the 220 volt continuous current main. Each 
time, the exposition lasted a minute, the dielectrie carrying the muscon 
passing in the ordinary way at a rate of 84 cm.’ of air per second 
The eylinders appeared to have assumed the odour of muscon with 
about the same intensity, to acquire later an odour of musc in the 
same manner and to lose this in about the same time. The com- 
parisons between the tubes were made by three observers, trained in 
these experiments and independently of each other. ') 

Next the influence of temperature was investigated, first on the 
adsorption and next on the change of the smell of muscon into that 
of muse. For this purpose tubes of an alloy of lead and tin were 
exposed for ten minutes at 0°, 13° and 100°. 


immediate impression odourless in 
exposition at 0° strong smell of muscon 5 days 
er re distinet smell of muscon Dur 
a „ 100° no smell of muscon 1 day 


Then numbered, nickel-plated copper tubes were exposed during two 
minutes to the ordinary air-current, passing over the muscon-myristie 
acid. The odd numbers were placed in the ice-box, the even ones 
were left to themselves at the temperature of the room, each placed 
in a wide-necked glass stoppered bottle. After 24 hours there appears 
to be no statistical difference of any importance. All cylinders whether 
even or odd, appear to have assumed a smell of muse in a distinet 
though feeble degree. So the temperature coefficient of the surface- 
action, exerted by nickel on the phenomenon of the transition of 
muscon into musc, cannot be great. 

1) One of these observers has an ordinary acuteness of smell for the odour of 
muscon, but cannot state with certainty the transition of muscon into musc. He 
also has in other respects strongly deviating peculiarities of his organ of smell 
which will soon be extensively communicated. 
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Finally I wish to state that capillary glass tubes of 1 mm.? cross- 
section, after air, carrying muscon, had been passed through them 
for five minutes, did not show a perceptible change of surface tension 
with water (the tension being measured by the height of the water 
column) and that repetition of the other experiments with tubes, 
heated beforehand and with air that had been dried by means of 
calcium chloride and cotton wool, gave no deviating results. 

At present it is impossible to give a theory of these phenomena. 
As a preliminary working hypothesis one might suppose the adsorbed 
muscon to be dissolved in the layer of condensed water vapour and 
air which covers all objects and it might be further assumed that 
the change of muscon into muse only then takes place at a percep- 
tible rate when the surface action of the metal, of the glass or of 
the glazed porcelain produces a particularly great density of the 
dissolved muscon in immediate ‘contact with the surface in question. 
This bypothesis is in harmony with equilibrium experiments, made 
with dried air at 0°, 10°, ete.. These experiments are in progress 
but not completed yet. 


Physiology. “On the adsorption of the smell of muscon by 
surfaces of different material”. By Prof. H. ZwAARDEMAKER. 
Continuation of a former communication. 


When air, charged with museon, is passed through tubes of an 
alloy of lead and tin, in the manner described in the communication 
of May 24, the inner surface of these tubes appears to adsorb 
muscon in quantities, the amount of which may to some extent be 
estimated from the time, during which the tubes preserve the odour 
of muscon. This assumption is based on the supposition that the 
adsorption takes place in one and the same dissolving substance 
namely the condensed layer which is said to cover all objects. 

Tbe dilution at which the muscon is present in the in these 
experiments, can be kept constant when the current velocity is 
controlled by means of an aerodromometer. Moreover 
between certain limits, since experiments, made t 
showed that it makes no difference in the results whether the muscon 
volatilised per second from the smelling source, is contained in 
42, 84 or 126 cc. of air. Tubes of lead, alloyed with tin, lose under 
similar conditions the adsorption odour in the same degree and in 
the same time, say 5 to 6 days. 


it may vary 
0 this purpose, 
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Under the just stated conditions the adsorption equilibrium is 
reached at a temperature of the room of 19° centigrade in about 
ten minutes, as will appear from the following table: 


after 1 min. exposition odourless within 1 day 


PR} 2 „ „ ”„ after 1 PR) 
„ 3 PR) „ ER) E 2 days. 
E22) + 2) , , 7 3 „ 
2} b) 29 >} „, 23 4 , 
, 10 >} , ’ , 5 „ 
„ 20 Ve , ’ „ 4 ” 
ADSORPTION ODOUR. 
 Precedi | | en 
Enottior at 0? at 20? at 40° at 60° | at 100? 
5 min. 8 days 3a5 days 2 days 11a days | 1 day 
10,2 10225, DEN | n 2 days 
150%, alittleover 10days a littleover5days 4 „ |2 n 2.56, 


Nickel-plated copper tubes, treated in the same way, show saturation 
after an exposition of about 5 minutes, it making no difference 
whether this takes place at 0°, 20° or 40°. Complete loss of adsorp- 
tion odour was found in these cases after respectively 4, 2 and 2 days. 

From these experiments follows that a higher temperature during 
the exposition causes the state of saturation to be reached only little 
sooner, but that the degree of adsorption is much smaller at a higher 
temperature. This proves that with higher temperatures the equilibrium 
is shifted in the direction of minimum adsorption. 

The facts, stated until now, agree very well with the hypothesis 
of a solution of muscon in the layer of condensed water-vapour, 
carbonie acid and air which covers all objects. Assuming this, we 
are led to believe that on nickel-plated copper this layer is thinner 
than on lead, alloyed with tin, and that consequently in the former 
case the equilibrium during exposition is reached sooner than in the 
latter, while temperature has the same influence on’them both and in 
the same degree. The fact that tubes, heated beforehand and treated 
in dry air, give the same results, is not at variance with this since 
we may not expect that the condensed layer will by this treatment 
be completely removed. Also the transition of the smell of muscon 
into that of muse must take place in this layer, the only curious 
point being that temperature has so little influence on tlie rate of 
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this process of transition which yet must be of a chemical nature. 

But a great difficulty to the theory arises from the fact that ad- 
sorption of odour on metal surfaces appears to be a general pheno- 
ımenon. This appears from similar systematic experiments as with 
muse for two other characteristic smelling substances. 1 chose ionon, 
a substance dissolving in water as well as in liquid air and scatol, 
a substance for which this has not yet been investigated. 

Ionon, when diluted 1 to a million in an aqueous solution of 
0,5 °/, antifebrin, and evaporating into a passing air-current which 
in the well-known manner passes through cyliuders of different 
material, leaves an adsorption which disappears almost immediately 
with porous porcelain, arc-lamp carbon, glass, silver, sticks to tin 
for a very short time, to lead, containing tin, scarcely for a day 
to nickel and copper for about two days, to aluminium for 2'/, days 
and to iron and steel for about: four days. 

Scatol, when dissolved in proportion of 1 to 1000 in liquid paraffın 
and evaporating into passing air and passing in the well-known 
manner through cylinders of different material, leaves an adsorption 
which disappears almost at once with porous porcelain and arc-lamp 
carbon, in a few hours with glass, sticks to lead, containing tin, to 
lead, silver and tin for about a day, to copper 3 days, to iron -4 {io 
5 days, to steel 10 to 13 days, to aluminium over 10 days. 

Hence ionon adheres most to the substance which does not take 
up muscon at all, i.e. to steel; scatol most to aluminium which 
shows a comparatively very small adsorptive power for muscon 
(aluminium does not keep muscon for 24 hours). 

In order to explain these deviations one is forced either to assume 
a peculiar modification of the solubility, caused by the dissolution 
of the specific metallic particles in the condensation layer, or to 
assume an absorption in the metal itself. To me it would seem that 
the colleeted facts do not at present admit of a choice between these 
two possibilities, although the small influence of the muscon density 
in the air would point to an adsorption compound with the metal. 
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Physics. — “Contribution to the theory. of binary muüxtures.” \. 
By Prof. J. D. van DER Waars. 


Continued, See p. 74. 


Up to now we have assumed in the determination of the binodal 
line that the second component, for which the quantity d is larger 
than for the first component, has a lower critical temperature, so 
that we suppose (77),<(T77),. In the opposite case, so (7, > (71,; 
we meet with some new complications, which we shall shortly 
discuss. So we choose now a region from the general p-figure, 
which lies more to the right, and in which the line )=° is 

0] 
found. Fig. 14 of These Proceedings April 26, 1907 may be ser- 
vieeable for this discussion. In this figure the points 1, 2, 3, 4, 5 
and 6 are points of the spinodal line. If we had inserted the spinodal 
line itself in the figure, this curve would have an ordinary shape 
on the vapour side, remaining all the time at larger volumes than 


d 
those of the line © —0. But on the liquid side the normal course 

EI). 
of the spinodal line has been strongly modified by the presence of 


the line ea On the left-hand side it begins in the point 
x? 


d 
?_0 of the first component, proceeds then to smaller volumes, 


dv 
2 


d 

0 forces it back to very small volumes, 
& 

_ and is the cause that the distance between the spinodal line and the 


—( and 


till the presence of 


dp dy 
line = — 0 is abnormally enlarged. In the points where = 
® Li 


2 3 d? 

Bi — () interseet, the spinodal curve touches the curve Y— 0. 
da dv 23 da 
Two plaitpoints occur, viz. the realisable plaitpoint at very small 


volume, and the hidden plaitpoint in the neighbourhood of the points 
9 and 3. This hidden plaitpoint lies in this case on the left-hand 
side in accordance with the shape of the q-lines. In fig. 17 this 
hidden plaitpoint lies on the right-hand side, and the shape of the 


dı Me 
g-lines in the region where n is positive, is such that there is a 
UV 
line which may be drawn tangent to the spinodal eurve, the 
In fig. 17 the gq-lines 
8 


2 “ 
hidden plaitpoint being the point of contact. 
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in this region turn their concave side to the axis of the 1°‘ component. 
In the case to be discussed now they turn their convex side towards 
the 1° component, and hence the hidden plaitpoint must lie on the 
other side, as a point in which a g-line touches the spinodal line in 
the unstable region. The drawn g-line intersects the spinodal line 
in 6 points, and the p-line, thought as function of v, must have 3 
maxima and 3 minima, when this g-line is-followed; a maximum 
value in the points 1, 3 and 5, a minimum ‚value in the points 2, 
4 and 6. In fig. 20 this p-curve is represented and the different 


Fig. 20. 


branches of this line are indicated by the lettersa... 9. The branches 
2 
d and f traverse the region where : 


si is negative, and accordingly 


R d 
have two points each, where on &. The complication which the 


p-line presents in this case compared with the p-line of fig. 16, 
consists only in this that the branch e, which before ran directly to 
infinity and continually to smaller volumes, has now got a maximum 
in the point 5, and as soon as the g-line passes into the region 


23 
where 
da 


is negative, runs back to larger volumes. In the point 6 


the minimum value has been reached, which however must be larger 
than the maximum value of the pressure in the point 3. If the 
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value of qg is lowered, the points 6 and 3 draw nearer to each 
other, and they coineide for the loop-g-line which passes through 
"= Tan iechran! 
2 x dv 
ches ce and d intersect at an acute angle, just as the branches fand 
9. When g is lowered further, and the g-line has split up into two 
separate portions, the »-line too divides into two separate parts; the 
branch 9 is then the continuation of c, and the branch / the con- 
tinuation of d. Fig. 21 illustrates the course of p as function of v 


2 2 


I 
the point of intersection of i 


Fig. 21. 


for such a g-line which has divided into two separate portions; then 
the branches c, g, which have united to one branch eut the united 
branch d, f, and the branch e. 

When applying Maxwsrr’s rule for the determination of the binodal 
lme we are confronted with some diffieulties, which. I will now 
discuss. Already when the p-line runs as is represented by the 
branches e, f and y in fig. 20, so when the middle one of the 3 
branches cuts one of the outside lines, we must pay proper attention 
to the sign of the areas when applying the rule for drawing MAxwELL’s 
line. If the straight line is drawn lower than the point of intersection 
of e and /, the area below this line, which according to the rule 
must be equal to the area above this line, must of course be all 
that is contained between the branches y and f below this line. 
But the area above the line, which consists of two parts, viz. the 
area of the loop, and the part that lies below the double point above 
the line, must not be considered as the sum of these two parts. On 


account of the branch / running back, the latter part must be taken 
gx 


(126 ) 


negative. This may be considered to be sufficiently self-evident and 
not to require an elaborate proof. But when the g-line has divided 
into two separate parts, and when the p-line runs as is represented 
in fig. 21, we meet with another diffieulty, which indeed, calls for 
a somewhat cioser discussion. The joined branches e and g form a 
curve which cuts the branches d, e and /, which have joined to a 
loop-like curve, in two points, but such a point of interseetion must 
really be considered as two altogether different points. Such a point 
of intersection represents two perfectly different phases according as 
it is considered as point of c, g or of d, e, f. Hence when drawing 
the straight line we must bear in mind that the point of intersection 
of c and d and of e and g does not represent the same phase, and 
if the line is drawn as in fig. 21, where the two hatched areas are 
equal, tbe points at the extremities of this line are not points of the 
binodal line. To see how the straight line must be drawn in such 
cases we revert to the general equation: 


dM u, = vdp — adg. 

Now to get from one point to the point with which it coexists, 
we can no longer follow one g-line, but we shall partly have to 
follow a way which joins the two separate branches of the g-line, 
and for this we choose the isobar of the point of interseetion that 
the branches c, g and d, f have in common. We obtain then the 
equation: 

c c 
(M,u,)e — (Mu). = |vdp — |adq, 


e e 


where in f vdp the value of v must be taken which corresponds to the 


chosen value of g, and in fra the valüe of x which eorresponds to 


that p-line that passes through the point of interseetion. Let us call the 
value of the volume of the point of interseetion v, and the values 
of x for the points where the isobar of the point of interseetion euts 
the two branches of the g-line, x, and x,. The above equation assumes 
then the following form : 


Au). — (Mu) = E (eo) — pa | ” F a nie] 


1 


Now if (M,u,). must be —={(M u.) then P we — ve) — jr pdy is 
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2 
not equal to O0, but to g(@, — 2%) — f: qdx. For the loop-g-line the 
5 tl 


length of the isobar along which |xdqg must be taken, is equal to 0, 


and ©, and x, coincide. For a g-line of lower degree x, and «, differ. 
In the above equation it is supposed that branch e is taken as starting 
point, and that a course is followed necessary to reach branch c. 
The point from which we start, lies on the closed eirele of the q-line 
and in the stable region. We now follow indifferently either the 
lowest branch of this eircle or the highest, but dependent on the 
pair of coexisting phases that is to be determined. Let us suppose 
that we follow the lowest course, then we get to branch d, and 
meet the point of intersection of the isobar which we must follow 
to meet the other branch of the g-line in a point which has equal 


d 
volume v,. As this isobar must pass through the line (&) ==() 
U) v 


where maximum volume exists, the equality of the volumes v, is 
possible‘), but the values of z which we have called x, and x, 
are different, viz. ©, <“x,. For x, the value of g is the chosen one 
and for z, the value of q is again the same. Between x, and «, 
this value is variable. Now: 


(&) ey Pyp dr 


de p de? dedv dızy 
or 


dp d’% d’y\* 
dg\ da? der \da r) 

@)- Ey 
Av. 


d’ı 32 dg\. N 
or (see fig. 14) being positive, ER positive outside the spino- 
V® u 


dal line, and negative inside it. Along the p-line, starting from smaller 
value of x, the value of q is, therefore, increasing, maximum on 
the spinodal curve, then decreasing, minimum on the spinodal curve, 
after which it inereases continually, as represented in fig. 22. 


1) The same observation holds for all_points which are points of intersection 
of different branches of the p-line in figs. 20 and 21. In such a point of inter- 
section p and v are equal, and this could only occur when the phases denoted 

, ed 
by such a point of intersection lie on either side of the line =. 
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Now: 


c 1 
pP &@—v) - |ph= — ne) fa de 
2 


e 


or 


Sr#-r&-n= == | [rd -0%-e) | t 


e 2 
For the loop-g-line x, and x, coincide, and for a g-line but little 


l 
lower f gdx is larger than g (x, —x,). As x, always lies on the left 
2 


1 
of the value of «for which gq has minimum value, [9 de >g (© —x,) 
2 
always holds. From this follows that for the lowest pair of eoexisting 
phases of fig. 21 the straight line must be drawn in such a way 
that the area of the hatched part above this line, to which the area 
of the hatched part of fig. 22 is added, is equal to the hatched part 
of fig 21 which would lie below this line. So the pressure of the 
lowest pair of coexisting phases for this g-line is greater than would 
follow from the application of the rule if the point of intersection 
of c,g and d,f was an identical point, or rather represented one 
and the same phase. But we shall not pursue this course any further. 


Now that we are obliged to include the quantity if x dg in our con- 


siderations, we can find the coexisting phases for the liquid volumes 
' in a simpler way by the aid of this quantity. For such volumes lie 
on a p-line which can be followed without interruption when we 
proceed from one point of the pair of coexisting phases to the second 
point. And when we proceed along a p-line da, u, = — @dgq, and 


2 
so (M, u), — (M, u), = -f® dq. Hence we need only choose two 


2 
f xdq = 0, 


l 


points on the chosen p-line, satisfying the requirement that 


2 
9 (2,—2%,) = f4 dv. 
1 


Then we have to carry out the same construction on the g-line 


or 
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as was carried out above on tlıe p-line, and so for the p-line, for 
which fig. 22 would represent the course of the g-line, we have to 


Fig. 22. 


draw a straight line in such a way that its height indicates the 
middle value of the ordinates of the g-curve. That from the outset 
we have not followed this course for the determination of the 
coexisting phases in which the values of x, and x, for given value 
of p are determined, is due to the fact, that this way of determina- 
tion is again possible without correction term only when the whole 
p-line is found between the two coexisting phases without interruption 
in the v ,x-diagram;; and as for the equilibrium between vapour and 
liquid phases as a rule this condition is not satisfied, and as it is 
only by way of exception that the g-line has split up into two 
branches, the determination of coexistence by the first mentioned 
method may as a rule be considered as possible. But nevertheless, 
in some cases the determination by means of the properties of the 
value of g, following a p-line, is to be preferred. If we do so in 
the case discussed for the determination of the coexistence of a liquid 
phase with a second liquid phase, we must choose every time other 
p-lines, and along each of these p-lines the course of q as function 
of x is as drawn in fig. 22; and with the simple shape of such a 
g-line there is only question of a single straight line along which 


2 . . . 
%. (,—&,) = dx. The binodal curve for the coexistence of liquid 
1 


with liquid has therefore a simple shape and is restrieted to the 
stable region. 
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Indeed, this was also to be derived from the p-figure (fig. 20) 
where the branches / and 9 must lie higher than the branches ce 
and d, and therefore can never combine for the application of the 
rule for coexistence; but then only for those g-lines which are or 
higher degree than the loop-g-line; whereas the rule for finding the 
conditions for coexistence from the values of qg when a p-line is 
followed, holds for all p-values without exception. Let us consider 
the case that this part of the plait has got quite detached from the 
transverse plait as a closed longitudinal plait, and has the two 
realisable plaitpoints, then a highest and a lowest p-line may be 
drawn, along which the maximum and the minimum in the g-line 
have coincided, and in the point where they coincide they yield the 
value of ® for the two plaitpoints. 

We had already repeatedly occasion to call attention to the reci- 

. d’ d’ d d 
procity between = and —, and between q and p or = and = s 
Let us also do so in the case discussed. Here we have intersection 


2 2 
ER =( and ei 
du? dedv 
separate portions of g-lines occur, so that it was not always possible 
to pass without a leap from one part of a g-line to another part of 
such a line. Then it is desirable for the determination of the coexisting 
phases not to follow such a g-line, but on the contrary to go along 


a p-line and to use the corresponding value of g. The reciprocal 


d? 2 
a 
dv? 


in two points of =0(, and it appeared that then 


case is found in case of intersecetion of 


SUN 
vdıe 


which case the course of the p-lines is as is indieated in the middle 
region of the general p-figure. Then there are p-lines, namely those 
of higher degree than the loop-p-line, which have divided into two 
separate parts; if we followed a p»-line also then, in order to arrive 
at the coexisting phases by means of the values of 4, we should be 
eonfronted by the same diffieulties as we have met now when 
following the g-line. If for a p-line of lower degree than the loop- 
p-line we draw the value of g, then such a course for q follows from 
a’ d’wy a) 2 
er | 
ee FT EEE Fi as has been drawn in fig. 23, where 
dv? 

the 1°, 3'd and 5th branches lie in the stable region, and the Ind 
and 4!h branches lie in the unstable region, if we take into account 
that such a p-line passes 4 times through the spinodal line, in which 
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2 


dq dep 
points = —=(0, and also 4 times through the line — in 
&)» dv? 


: R dg : 
which points ei = m». Only for the loop-p-line the second minimum 
see 


Iig, 23. 


coincides with the first maximum, but for lower p-lines it lies higher, 
as in the drawing. We have exactly the same shape for q as func- 
tion of x, as in fig. 20 for » as function of v. Only one figure must 
be turned over to cover the other, in accordance with the ceircum- 


dy dıp ROTE 
stance that q= — and p= —— . The combination c, d and e 
- UE 


now yields a pair of coexisting phases, and the combination e, f 
and g another pair. No other combinations are possible; and we 
should be justified in coneluding that the binodal line has a simple 
eourse and remains limited to the stable region. But this conclusion 
would be perfectly valid only for all pressures not higher than those 
of the loop-p-line, though there are also coexisting phases with higher 
value of p. In this case it is certainly preferable to follow a q-line, 
and to construe p as function of v, which we have called preferable 
already above for other reasons. We know that then a highest 
pressure exists for the coexisting phases, viz. when &, =,; this is 
only possible if the chosen g-line passes through the line 2 =) 
for only then this is the case for values of » within certain limits. 


From this eircumstance of the reciprocal case we conclude that in 
2 


b d, 
the case under consideration, in which % —=0 is cut by z A), 
L 


2? 
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there is a minimum value of q for the coexisting phases, viz. if 
v,—=v,. Then the line joining these phases runs parallel to the 
x-axis, Just as it runs parallel to the v-axis in the reciprocal case. 
This too can only occur, if the coexisting phases lie on either side 


d, 
of the line = —=0(; for the isobar that passes through the two points 
& 


of coexistence, can only have two equal values of v if between them 
maximum or minimum value for the volume occurs. The equality 
of v, and v, for minimum value of g, to which we have concluded 
from the principle of reeiprocity, follows from the simple equation, 
which holds for two successive points of a binodal curve, viz.: 

(v, 5 v,) dp —— (@, 2% ®,) dq. 

For a pair of coexisting phases I/,u, is the same, and for a following 
pair of such phases dM,u, is also the same; now the above equation 
follows from dM,u, = v.dp — a.dg.. = v,dp — a,dg. U, — a, =0 
and »,—v, is different from zero, then dp must be =0); in the 
same way dgq=0 involves the equality of v, and v,, if dp is not 
equal to 0. We can also derive from this equation, how the nodal 
lines lie on either side of the special nodal line for which =, = «x, or 
v,=v,, i.e. to which direction they diverge in a fanlike way. Let 
us first consider the case @,=.x,, so maximum pressure on the 
vapour-liquid binodal curve. On the left of this nodal line the sign 
of v, —v, is positive on the vapour side, and the sign of dp, if we 
do not limit ourselves to an infinitely small value of dp, negative. 
Then also the sign of («, — x,)dq must be negative, and the sign 
of dq being negative, @, — x, must be positive. On the right of this 
nodal line the sign of », —v, and of dp must be what it was in 
the preceding case; but dg now being positive, 2, — x, 15 negative. 
So the nodal lines converge towards the vapour side. It would be 
just the reverse if the pressure was minimum for 2, eg ;ıfor'iben 
dp is positive. Let us now consider the case v,—=»,, so minimum 
value of g on the liquid-liquid binodal eurve. Let us choose the 
right side, so where a, > «,, and let us ascend, so put dp positive, 
then q being minimum, dq will be positive. The second member is 
positive, and so we find v, —v, positive, whereas for negative dp 
the value of v, — v, would be negative. So the nodal lines converge 
towards the right side, and we may consider the nodal line for 
which v,=v,, as axis of such a converging penecil. This shows us 
at the same time how and where the plaitpoints must lie. As the 
tangent to the binodal curve in the plaitpoint is to be considered 
as the limiting direction of the nodal lines, both the p-line and the 
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g-line must have such a course in the upper plaitpoint that they 
descend towards the right, which moreover could be put & priori. 


ae Karer d 
For every g-line when it still lies above the line Fe 0, and does 
i & 


not pass through 


d? 

; z —=0, desceends when it proceeds towards the 

«b 

right. But in the lower plaitpoint, i.e. in the plaitpoint with the 
d 

larger volume that lies below the line a the g-line which touches 
«Ü 


in that plaitpoint, must descend as it proceeds to smaller value 
of x, in accordance with the course of the nodal lines. We should 
also have found this course of the nodal lines confirmed, if we had 
paid attention to the course of the p-lines. 

Everything we have discussed in this V!h communication rests on 


d, d’ 
fig. 14; so we have thought that . and 
L 


na; intersect. There 
da? 


is, however, also a possibility, and it will even be the rule, that the 
two curves exist, but do not interseet. Then two cases are to be 
d’w 


dx? 


—() remains restricted to smaller volumes 


distinguished, viz. that 


d, x 
than those of E —0(, or to larger ones'). When traeing the two 
& \ 
curves with respect to each other we must take care that the points 
d’y 


in which tangents may be drawn to ee O0 parallel to the v-axis, 
Ü 


aeop a erde 
lie on the line an and that also the point in which er —0 
& Ah 


aa : : : ß pP 
has minimum volume, lies on this line too. Now the line re 
& 


dv RU 
has a simple course. The value of ER for this line is equal to 
dd 


db 3 a s he ME 
er From this follows that this line a consists of a single 
IN 
feige 
© 


branch, which from a point of the 1° axis moves regularly to the 


d 
right to points of eontinually larger volume. So if the line 
ı da 


d h j 
cuts the line 5 si — 0, the two points in which tangents parallel to 
& 


1) See These Proceedings April 26, 1907, p. 833 seq. 
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d ’ d 
the v-axis can be drawn to r ro, and the point where z u, 
24 
has minimum volume must lie in such a way, that the last point 
2 


d ‚ s 
lies between the two first mentioned. If the line ; P_0is restrieted 
HH 


d? 
hi —=0(0 must also lie at smal- 
da? 


d) 
to smaller volumes than z —=(, then 
HH 


d, 
ler x than the point where a 0 has the smallest volume and the 
24 


Fig. 24a Fig. 24b Fig. 24c 


reverse; this has been represented in fig. 24a, ig. 245 and fig. 2dc, 
but has not always been kept in view in preceding schematical 
figures, which were plotted for the representation of other particularities. 

After these remarks we may examine more in details what happens 


d d’ 
when &) = 0 and = = 0 intersect, and the temperature is raised. 
de 
da" 


With rise of 7 


=0 contracts to the point in which this eurve 
dp Mh: 
must disappear. Also the eurve 2 = 0 contracts. If the point in which 
HH 


d’y ; i dp 
SE =(0 must disappear, lies at smaller volume than re =0(, then 
&n ® 
; Ä d’ıy 
with eontraetion of 
de’ 


=0 the right-hand point where the latter eurve is 


directed //»-axis, will have to pass through the minimum volume of 
d wie ee 5 
r =0. Even then there is still interseetion, but with further contraction 
DH 

the two curves will touch, and get detached. Above the temperature at 
whieh they touch, the complicated course of the q-lines has disappeared 
in so far that no g-lines occur any more which have split up into 


two separate branches; then we get a group of g-lines as drawn in 


( 135 ) 
fig. 3, These Proc. March 30, 1907 with a maximum and a mini- 


d 
mum volume, bıt moreover when they afterwards cut 0, with 
& 
2 


ER, ., 2% 
a maximum value of &. But when the point in which ee) must 
z Ü 


: d I ee 
disappear lies at larger volume than . —=0(, then with rise of 7’'the 
& 
day 
„= is directed parallel to the v-axis, must 
ax 


left-hand point where 


d, 
pass through the point where od has minimum volume. Then 
«Ü 


intersection still takes place, but with further rise of 7’ the curves 
touch and get detached — and then the g-lines run as has been 


2 2 


d 
drawn in fig. 5. So contact between —=0 and 
1A 


—=( may 
take place in two ways and we may already conclude to this from 


dv 
the condition for contact. From the equality of ot the two curves 
& 


d’wy d’p a: d’p 3 
da? dadv \de)' 
a’ 


3 d. 
FE being negative for the points of zum ER 


must be positive in the point of contact. That is to say, that for 
2 


follows namely: 


The value of 


d 
the curve 7 ?— O0 the point of contact must lie to the right of the 
DA 


line which joins the minimum and the maximum volume. Only with 
the two kinds of contact which we have described, this condition 
can be fulfilled. If the first described contact takes place, the mini- 


d 
mum volume of — 0 must lie to the right of the point of contact. 
& 
- In the second case of contact this point must lie on the left, or 


4 dv , 
even be entirely wanting in the figure, in which case 7 ® positive 
& 


di 
in all points of the line E: ADB 


From all this follows that if the spinodal curve entirely envelops 
2 


- the curve =0 in a closed line, and the latter remains entirely 


de? 


d 
restrieted to smaller volume than the volumes of n —=0(, there are 
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indeed still two realisable plaitpoints on this spinodal line, but that 
the course of the nodal lines in all this longitudinal plait is as was 
the case in the upper half of the above discussed longitudinal plait 
— so that in both plaitpoints the tangent p-line and the tangent 
g-line descend to the right. All over this longitudinal plait v, >v,, 


d’ 
re N 
da? 


if v, represents the right-hand point of coexistence. But if 


dp 
remains restricted to volumes larger than those of Er 0, the course 
of the nodal lines is such that v, <v,, and the plaitpoint has such 


d d i 2 ’ 

a situation that — and 2 is negative for the p-line and the g-line 
%p &g 

which pass through the plaitpoint. I speak of the plaitpoint, because 

I think I can demonstrate that then there cannot be question of two 


realisable plaitpoints, nor of a detached closed longitudinal plait. 
For when a spinodal line splits up, not only un in this split- 
&p Lg 

dv dv 
da’, da’; 
discussed this point (These Proc. April 26, 1907 p. 848), but on 
account of the great importance of the question further elucidation 
is perhaps not uncalled for. The following remarks may serve for 
this purpose. 

Let us in the first place consider a mixture represented by a 
region of the general p-figure lying on the right side, and so much 


ting point, but also —=(. Properly speaking I have already 


d, 
to the right that the point where ne 0 has minimum volume, no 
DA 


longer occurs, or lies at very small value ofx. Then the point where 

d’y 

da? 

dp dp 

— =(, lies at smaller volume than those of the line aı ; and 
H & 


=0 disappears at T’= T7,, because it must lie on the line 


if this curve is still found at temperatures below 7‘, the points in 

which this curve intersects the line a lie in the region where 
® 

dp . 

FR negative. If we now suppose that the temperature rises, and 


the spinodal line might split up, this splitting point must lie between 


d 
the larger volumes of = 0 and the volumes of .- 0, so also 
® 


NE RL ' 
in the region in which = is negative. Now the question is if in this 
u 
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region a point of infleetion of the p-lines and of the g-lines can lie. 
It appears from what has been observed about the loci of these 
points of inflection (These Proc. March 30, 1907 p. 736) that this 
is possible for the g-lines. But from what has been observed on 
the course of the locus of the points of infleetion of the p-lines 
(These Proc. Febr. 23, 1907 p. 628) appears that in the stable part 
of (hat region no point of inflection can occur for these lines. 

Let us now take the other case, viz. that the point with minimum 


d. 
volume of nn. exists, and is not found at very small value of «. 
& 


If the spinodal line has split up into two parts, then there is a part 
d 
which we might consider as belonging to >= 0, and another part 
© 
3 


d e met Re 
that surrounds —=0. Now the splitting point lies again in the 


L 


d r 2 
region where = is negative, butsin a part of that region where as 
KL 


well points of inflection of the p-lines as of the g-lines may occur, 
d, d’ 

at least if . —=( still intersects the curve —= 0. Two branches 
L& 
2 


d, 
. —(, start from the point in which en cuts the 
ag de 


on which 


2 
curve — 0. One of these branches passes through the region 
x? 


where Er is negative, and leaves this region only at the point where 
dv 


ER has the maximum volume. The second branch runs right 
da? 
of the loop-g-line to larger volumes. But there is also. a locus on 


which 


2 d 
Air —0, which runs right of n —=(, and passes through the 
dx? & 


p 


dı 4 
two following points. 1° the point where N has minimum 


: dp ” dp 
volume, and 2”4 the point where Fr, OÖ cuts the line Fr —0( I 
the spinodal line splits up, this will have to take place in the point 


d’v 3 
of interseetion of the line on which Sn —=( with the second men- 
p 


d’v 


tioned branch on which ER —0(. If this case of splitting oceurs, 
| 
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d 
the detached closed longitudinal plait is cut by the line =. and 
2 


has the above discussed plaitpoints. 

But though on the supposition of this way of splitting up we do 
not meet with a definite contradietion, yet there is one circumstance 
which makes me doubt whether it will occur frequently or universally. 
If we draw the point of intersection of the mentioned loci on which 


d?  d’v ! j : een 

7 —0 and —=(, we find a point which lies on the left side 
die’, die’, 

dp 
of —0(, whereas after the detaching we should sooner expect 


da? 
the place of the plaitpoint with the largest volume, according to the 


2 


d 
v0 Tal 
dx? 


another way of detaching is possible. The splitting may take place 


course of the nodal lines, on the right side of 


di 
in a point on the left of E 0. Then —=0, which eurve must 
& 4 


da’ 
disappear in a point of — —=0(, must already have contracted so 
& 


dp . er 
far that it lies entirely in the region where = is positive. As we 
& 
2 


h d’v 

observed before, there runs a branch on which Fe 
HH 

p 


—0( also there 


2 


d 

and for the loop-line on which = —=0 (These Proc. March 30 1907 
07 

p. 736) there must be a closed figure, which has got detached from 


d 
the branch right of nn. because the double point, the point in 
AH 3 


2 


dj d 
which se —=0 and =0(, no longer .exists. Then we have again a 
L 


u 
detached closed longitudinal plait, but one which is not intersected 


d 
by 2 —0(, and which has two plaitpoints in which the »- and 


da 
dv dv N .. 
g-lines which touch have — = — = positive, in accordance with 
de, dig 
the course of the nodal lines. In fig. 25 the circumstances after the 
splitting have been represented for this case. First of all the lines 


d d h d’ 
P_0 and = =0 oceur in the figure; further ns —=0, which 
H UV L 


& 


a d 
passes through the point where a has minimum volume. 
& 
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Fig. 25. 


2 


d 
Ön the left of a and at smaller volumes also — — (0 has 
h 2? 


2 


\ d 
been drawn. Where this curve passes through lit has tangents 
L 


// v-axis. The spinodal line has split up and the two parts have been 
drawn far apart for the sake of lucidity. One part surrounds 


ap dp 
ER =0(, and the other part touches Fe in the point in which 
“ ® 


d, 
this curve is intersected by oc Further a p-line has been drawn 
x 
with two points.of inflection. The right-hand point of infleetion is of 
no importance for our case. And finally the detached branch of the 
locus of the points of inflection of the g-lines has been drawn. Now 


2 


d’v 
too the point in which et and — 0 intersect, is 'to be 
& 


da’, 

expected on the left side of the spinodal curve, which has got 
‚detached. But for this case v, >v, for all nodal lines of the longi- 
tudinal plait, and the second plaitpoint is really to be expected on 
the left. I suspeet these two ways of detaching to be connected with 


the two series of values of &g, for which - —() disappears in the 
| , YR 

9 
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region where 2 is positive (These Proc., April 26, 1907, p. 833) 
14 


— either for a very great difference in the size of the molecules of 


the components, or for a small difference. In the latter case the 

2 
F > — 0 are to be found at almost 
L 


the same value of x. But this is one of the many particularities 
which is to be left to a later investigation. 
Partieularly the last described way of splitting up of the spinodal 


highest and the lowest points of 


d 
curve takes place far to the left of the point where z —0( has mi- 
14 


nimum volume, and so at a value of x, not very different from 
that for which x, = x, on the vapour binodal curve, and maximum 
pressure exists; and so this leads to the opinion that this detaching 
of a longitudinal plait is to be found for mixtures with minimum 
pressure and very: different size of the molecules; but also this sup- 
position must be further defined by a fuller iuvestigation. 

The following remarks may serve for a full characterization of 
the course of the spinodal line before and after the splitting. Before 


2 2 


N dp dp 
the splitting the curves ze: —=0 and an ie: 0 must be thought: as 
DA ® 


interseceting, as in fig. 8 (These Proc. March 30, 1907), but the line: 
d’w 
da? 
for a left-hand region of the p-figure, but this figure would change little 


—0 as having moved to smaller volumes. This figure holds indeed 


ae e , : d 
in its essential features if we also insert the line = =D in it,.Dur 
& 


; i d 
place it on the right so that ? 


2? 
For a region of the left-hand side extended towards the right is the same 
day 


x: 


= 0 is no longer intersected by it. 


as a region of the right-hand side extended towards the left. If al 


3 
Y i j y 
er OÖ intersect there is a complicated plait, with the hidden 


and 


plaitpoint on the right side. If now with rise of temperature the two 
curves get further apart, because they both contract, splitting up of 
the spinodal curve does not always immediately follow. For this to- 


be brought about the curves must be pretty far apart, and intersection 

d’v ” 

of a and —-=0 must take place between the two curves, 
2’, da’, 4 

and the temperature must be reached at which this point of inter- 
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section lies on the spinodal line. Then a point of the left-hand side 
of the spinodal line coineides with a point of the right-hand side of 
this line, but not in the hidden plaitpoint. Consult also fig. 17 
(These Proc. May 24, 1907 p. 68). Then there are 4 plaitpoints, 
viz. P,,P, and the:double plaitpoint in the splitting point of the 
spinodal line. The course of the binodal curve on the liquid'side has 
been represented in fig. 26. On the liquid side the binodal eurve of 


Fig. 26, 


the vapour-liquid equilibria passes in two more points, y and d, through 
the spinodal curve. And so nothing appears yet of the detaching of 
the longitudinal plait for the experiment. Only at higher temperature 
the detached binodal curve, and then with its newly obtained plait- 
point, will pass through the binodal curve AB, and with still higher 
value of 7 the binodal line has split up into two quite separate 
branches. 
(To be continued). 


(September 3, 1907). 
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